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THREE, FOUR, FIVE, SIX, SEVEN, EIGHT, NINE, TEN, ELEVEN, 
TWELVE, THIRTEEN, FOURTEEN, FIFTEEN, SIXTEEN, SEVENTEEN, 
EIGHTEEN, NINETEEN, AND TWENTY-ELECTRON ATOMS 

THREE-ELECTRON ATOMS 

As is the case for one and two-electron atoms shown in the 
corresponding sections, three through ten-electron atoms can also be 
solved exactly using the results of the solutions of the preceding atoms. 
For example, three-electron atoms can be solved exactly using the results 
of the solutions of the one and two-electron atoms. 



THE LITHIUM ATOM 

For LT, there are two spin-paired electrons in an orbitsphere with 

2 6 



r x = r 2= a o 



(10.1) 



as given by Eq. (7.19) where r n is the radius of electron n which has 

velocity v„. The next electron is added to a new orbitsphere because of 

the repulsive diamagnetic force between the two spin-paired electrons 
and the spin-unpaired electron. This repulsive diamagnetic force is due 
to the interaction of the magnetic field of the outer spin-unpaired 
electron on the electron current of the two spin-paired electrons of the 
inner shell. The diamagnetic force on the outer electron is determined by 
first considering the central force on each electron of the inner shell due 
to the magnetic flux B of the outer electron that follows from Purcell [1] 



2m.v_ Av . 
F = — — — i. 



(10.2) 



where i r is defined as the radial vector in the direction of the central 

electric field of the nucleus and 

Av eB 



2m. 



(10.3) 



The velocity v n is given by the boundary condition for no radiation as 
follows: 

H (10.4) 



where r, is the radius of the first orbitsphere; therefore, the force on each 
of the inner electrons is given as follows: 

(10.5) 



m e r x 



The change in magnetic moment, Am, of each electron of the inner shell 
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due to the magnetic flux B of the outer electron is [1] 

^ =£ Vf? (10.6) 

The diamagnetic force on the outer electron due to the two inner shell 
electrons is in the opposite direction of the force given by Eq. (10.5), and 
this diamagnetic force on the outer electron is proportional to the sum of 
the changes in magnetic moments of the two inner electrons due to the 
magnetic flux B of the outer electron. The two electrons are spin-paired 
and the, . Thus, the change in velocity of each electron treated 
individually (Eq. (10.3)) due to the magnetic flux B would be equal and 
opposite. However, the two paired electrons may be treated as one with 
twice the mass where m e is replaced by 2m e in Eq. (10.6). In this case, the 

paired electrons spin together about the field axis to cause a reduction in 
the flux according to Lenz's law. It is then apparent that the force given 
by Eq. (10.5) is proportional to the flux B of the outer electron; whereas, 
the total of the change in magnetic moments of the inner shell electrons 
given by Eq. (10.6) applied to the combination of the inner electrons is 
proportional to one eighth of the flux, B. Thus, the force on the outer 
electron due to the reaction of the inner shell to the flux of the outer 
electron is given as follows: 

where r, is the radial distance of the first orbitsphere from the nucleus. 
The magnetic flux, 5, is supplied by the constant field inside the 
orbitsphere of the outer electron at radius r 3 and is given by the product 

of fi 0 times Eq. (1.120). 

* = ^f£ (10.8) 
m e r y 

The result of substitution of Eq. (10.8) into Eq. (10.7) is 

The term in brackets can be expressed in terms of the fine structure 
constant, or. From Eqs. (1.144-1.148) 

2 

-^^ = 2xa- (10.10) 
2m e r 3 c 

It is demonstrated in the Two Electron Atom section that the relativistic 

correction to Eq. (10.9) is — times the reciprocal of Eq. (10.10). Z for 

Z 

electron three is one; thus, one is substituted for the term in brackets in 
Eq. (10.9). 

The force must be corrected for the vector projection of the velocity 



^diamagnetic ~ ™ "r (10.7) 
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onto the z-axis. As given in the Spin Angular Momentum of the 
Orbitsphere with ^ = 0 section, the application of a z directed magnetic 
field of electron three given by Eq. (1.120) to the two inner orbitspheres 
gives rise to a diamagnetic field and a projection of the angular 
momentum of electron three onto an axis which precesses about the z- 

axis of J^-ft- The projection of the force between electron three and 

electron one and two is equivalent to that of the angular momentum onto 

the axis which precesses about the z-axis, and is ^s(s + l) times that 



of a point mass. Thus, Eq. (10.9) becomes 



diamagnetic 



4m e r 3 r t 



(10.11) 



THE RADIUS OF THE OUTER ELECTRON OF THE LITHIUM ATOM 

The radius for the outer electron is calculated by equating the 
outward centrifugal force to the sum of the electric and diamagnetic 
forces as follows: 



With v 3 = 



m,r 3 



(Eq. (1.56), r, =a, 



r 3- 



Ane 0 r\ 4m e r\r x 

i_xl 

2 6 



(10.12) 



1 



(Eq. (7.19)), and s = —, we solve for 



r 3 = 



1- 



(10.13) 



r 3 = 2.5559 a Q 



THE IONIZATION ENERGY OF LITHIUM 

From Eq. (1.233), the magnitude of the energy stored in the electric 
field is 

— - — = 5.318el/ (10.14) 

The magnetic field of the outer electron changes the angular velocities of 
the inner electrons. However, the magnetic field of the outer electron 
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provides a central Lorentzian force which exactly balances the change in 
centrifugal force because of the change in angular velocity [1]. Thus, the 
electric energy of the inner orbitsphere is unchanged upon ionization: 
The magnetic field of the outer electron, however, also changes the 
magnetic moment, m, of each of the inner orbitsphere electrons. From Eq. 
(10.6), the change in magnetic moment, Am, (per electron) is 

Am = -^-B (10.15) 
4m, 

where B is the magnetic flux of the outer electron given by the product 
of n Q times Eq. (1.120). 

B = && (10.16) 

Substitution of Eq. (10.16) and 2m e for m e (because there are two 
electrons) into Eq. (10.15) gives 

^J£mJj^L (io.i7) 

I2m e r 3 j4m t r 3 

Furthermore, we know from Eqs. (10.9) and (10.11) that the term in 
brackets is replaced by *Js(s + 1) . 

Aw = -- ^L. J^TTT) (10.18) 

4m,r 3 

Substitution of Eq. (10.1) for r„ Eq. (10.13) for r 3 , and given that the 
magnetic moment of an electron is one Bohr magneton according to Eq. 
(1.99), 

H B =£- (10.19) 

the fractional change in magnetic moment of an inner shell electron, Am,, 
is given as follows: 

ehr? ^Js(s + 1) 

Am,= (10.20) 



2 m. 



lr? 



= ^V^T17 (10.21) 
With r, given by Eq. (10.1), r 3 given by Eq. (10.13), and tne 

mm 

fractional change in magnetic moment of the two inner shell electrons is 
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1- 




3 



i_i± 

2 6 



/J 



(10.22) 



bm f =0.01677 



We add one (corresponding to m f ) to Am f which is the fractional change in 

the magnetic moment. The energy stored in the magnetic field is 
proportional to. the magnetic field strength squared as given by Eq. 
(1.122); thus, the sum is squared 

(1.0168) 2 =1.03382 

Thus, the change in magnetic energy of the inner orbitsphere is 
so that the corresponding energy AE^ is 

&E*a g = 0.03382 X 2.543 e V = 0.0860 eV ( 1 0. 24) 

where the magnetic energy of the inner electrons given in Table 7.1 is 
2.543 eV. Then the ionization energy of the lithium atom is given by Eqs. 
(10.13-10.14) and (10.24): 



(10.23) 
3.382 %, 



E(ionization; Li) = 



(Z - 2)e' 
8we c r 3 



+ AE 



mag 



(10.25) 



= 5.3178 eV + 0.0860 eV = 5.4038 eV 
The experimental ionization energy' of lithium is 5.392 eV [2-3]. 



THREE-ELECTRON ATOMS WITH A NUCLEAR CHARGE Z>3 

Three-electron atoms having Z>3 possess an electric field of 

E=<^i r 
4xe.r 2 ' 



(10.26) 



for r>r 3 . For three-electron atoms having Z>3, the diamagnetic force 
given by Eq. (10.11) is unchanged. However, for three-electron atoms 
having Z>3, an electric field exists for r>r 3 . This electric field gives rise 
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to an additional diamagnetic force term which adds to Eq. (10.11). The 
additional diamagnetic force is derived as follows. The diamagnetic force 
repels the third (outer) electron, and the electric force attracts the third 
electron. Consider the reverse of ionization where the third electron is at 
infinity and the two spin paired electrons are at r,=r 2 given by Eq. (7.19). 

Power must be conserved as the net force of the diamagnetic and 
electric forces cause the third electron to move from infinity to its final 
radius. Power flow is given by the Poynting Power Theorem: 

V-(ExH)o-|^.h]-|[^«e]-J.E (10.27) 
During binding, the radius of electron three decreases. The electric force 

**-*tEtt\ (10.28) 



47te o r 3 



.2 
3 

increases the stored electric energy which corresponds to the power 

term, -— |-£JE«E|, of Eq. (10.27). The diamagnetic force given by Eq. 
St 12 J 

(10.7) changes the stored magnetic energy which corresponds to the 
power term, - ^ j^/iJH • H J , of Eq. (10.27). An additional diamagnetic 

force arises when Z-3>0. This diamagnetic force corresponds to that 
given by Purcell [1] for a charge moving in a central field having an 
imposed magnetic field perpendicular to the plane of motion. The second 
diamagnetic force 2 is given by 

F^ rtfc2 =-2^i r (10.29) 

where Av is derived from Eq. (10.3). The result of substitution of Av into 
Eq. (10.29) is 



r x [2m t \ ' 



F^^-^H^K (10-30) 



The magnetic flux, B, at electron three for r<r 3 is given by the product of 
H 0 times Eq. (1.120). The result of the substitution of the flux into Eq. 
(10.30) is 

F„ , ,=-2|-^| -^i, (10.31) 

The term in brackets can be expressed in terms of the fine structure 
constant, a . From Eqs. (1.144-1.148) 

^eVsL^lnaZ,- (10.32) 

It is demonstrated in the Two Electron Atom section that the relativistic 
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correction to Eq. (10.31) is — times the reciprocal of Eq. (10.32). Consider 

the case wherein Z, of Eq. (10.32) is different from Z=Zj of Eq. (7.13) in 
order to maintain relativistic invariance of the electron angular 
momentum and magnetic moment. The relativistic correction to Eq. 
(10.31) can be considered the product of two corrections — a correction of 
electron three relative to electron one and two and electron one and two 
relative to electron three. In the former case, Z, and 2^ = 1 which 
corresponds to electron three. In the latter case, Z,=Z-3, and Z^Z-2 
which corresponds to r^ 9 infinitesimally greater than the radius of the 

outer orbitsphere and rj, infinitesimally less than the radius of the outer 

2-3 

orbitsphere, respectively, where Z is the nuclear charge. Thus, is 

substituted for the term in brackets in Eq. (10.31). The force must be 
corrected for the vector projection of the velocity onto the z-axis. As 
given in the Spin Angular Momentum of the Orbitsphere with ^ = 0 
section, the application of a z directed magnetic field of electron three 
given by Eq. (1.120) to the two inner orbitspheres gives rise to a 
diamagnetic field and a projection of the angular momentum of electron 

three onto an axis which precesses about the z-axis of The 

projection of the force between electron three and electron one and two 
is equivalent to that of the angular momentum onto the axis which 

precesses about the z-axis, and is <yjs{s+l) = ^ times that of a point mass. 

Thus, Eq. (10.31) becomes 

IW* 2 = -2 %-%f> V^Oi r (10.33) 

As given previously in the Two Electron section, this force corresponds to 
the dissipation term of Eq. (10.27), J^E. The current J is proportional to 
the sum of one for the outer electron and two times two — the number of 
spin paired electrons. For the inner electrons, the factor of two arises 
because they possess mutual inductance which doubles their contribution 
to J. (Recall the general relationship that the current is equal to the flux 
divided by the inductance.) Thus, the second diamagnetic force is 

» -4^m±±^V^DV. — ± (10.34) 

* MM «"'" eZ LZ-2J m e rf y 2 

--[fEfJ^'W (.0.35) 



THE RADIUS OF THE OUTER ELECTRON OF THREE-ELECTRON 
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ATOMS WITH A NUCLEAR CHARGE Z>3 

The radius of the outer electron is calculated by equating the 
outward centrifugal force to the sum of the electric and diamagnetic 
forces as follows: 

.7 



m t v\ (Z-2)e 2 tt 2 r-. ^ fZ-3l r.ft 2 r-. - 

- £ - L = i - J - 2 — — js(s + 1) - —— -4—10^5(5 + 1) 



With v, 



= JL- (Eq . (1.56), r ^J-^--SlS\ (Eq. (7.19), and 
m e r 3 K. 2 ' 1 z \Z~l) ) 2 



(10.36) 
we 



solve for r 3 using the quadratic formula or reiteratively. 



(Z-2) 




a. 



4r t 



The quadratic equation corresponding to Eq. (10.37) is 







("Z-31 
[z-2) 


r,10^ 


n 




3 




— 




3 


(Z-2) \ 


4 




(Z-2) i 


4 


a a 4*i 





















= 0 



The solution of Eq. (10.38) using the quadratic formula is 







1 






(2-2)- y 




4l 



=7 + 4^ 




(10.37) 



(10.38) 



, r t in units of a 0 (10.39) 



(Z-2)- 




4/i 



1± 



1 + 4 



Z-3 
Z-2. 



(Z-2)- 




, ^ in um'te a. 



(10.40) 
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h = 





l±Jl + 4(Z-3)r l 10^|- 


[Z-31 


30 




LZ-2J 


4 


(Z _2)--1± 
4/j 









, /j in units ofa c 
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(10.41) 



r 3 




^ l±Jl + 4(Z 



- 3) r_L— V374 Xp flJlzl 
\Z-l Z(Z-l)) V4 LZ-2 



Z-3 


30 


Z-2 


4 



The positive root of Eq. (10.42) must be taken in order that r 3 >0 



(10.42) 



THE IONIZATION ENERGIES OF THREE-ELECTRON ATOMS WITH A 
NUCLEAR CHARGE Z>3 

The energy stored in the electric field, E(electric), is 



E{electric) = - (Z 2)g 

S7ce 0 r 3 



(10.43) 



where r 3 is given by Eq. (10.42). The magnetic field of the outer electron 

changes the velocities of the inner electrons. However, the magnetic field 
of the outer electron provides a central Lorentzian field which balances 
the change in centrifugal force because of the change in velocity. Thus, 
the electric energy of the inner orbitsphere is unchanged upon ionization. 
The change in the velocities of the inner electrons upon ionization gives 
rise to a change in kinetic energies of the inner electrons. The change in 
velocity, Av, is given by Eq. (10.3) 



er x B 



2m. 



(10.44) 



Substitution of the flux, 5, given by the product of /i 0 and Eq. (1.120), 
into Eq. (10.43) is 



Av 



\2m e r,\m € r\ 



(10.45) 



It is demonstrated in the One Electron Atom section and the Two Electron 
Atom section (at Eq. (7.14)) that the relativistic correction to Eq. (10.45) 

is — times the reciprocal of the term in brackets. In this case, Z 
Z 

corresponding to electron three is one; thus, one is substituted for the 
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term in brackets in Eq. (10.45). Thus, Eq. (10.45) becomes, 

Av = -j — 



(10.46) 



r 2 m e 



where is r, given by Eq. (7.19), and r 3 is given by Eq. (10.42). The change 
in kinetic energy, AE,., of the two inner shell electrons is given by 

(10.47) 



1 

AE T = 2 - m Av' 
2 



The ionization energy is the sum of the electric energy, Eq. (10.43), and 
the change in the kinetic energy, Eq. (10.47), of the inner electrons. 

E(Ionization) = E(Electric) + E T (10.48) 
The relativistic correction to Eq. (10.48) is given by 1.) relativistically 
correcting the radius of the inner paired electrons r,, 2.) using the 
relativistically corrected r, to determine r 3 which is then relativistically 
corrected. The relativistically corrected r x is given by dividing the radius 
given Eq. (7.19) by y of Eq. (1.250) 

<<Js(s 



r 2= r i=TT = 



Z(Z- 




2/r 



1 

s = — 
2 



(10.49) 



W^4fH;)T 



HtH;)T 



where the velocity is given by Eq. (1.56) with the radius given by Eq. 
(7.19). Similarly, the relativistically corrected r 3 is given by dividing the 

radius given Eq. (10.41) by y of Eq. (1.250) 





l + Jl + 4(Z-3)r ( loj|- 


rz-3] 


30 


\ ?- 


[Z-2] 


4 


(2-D- y 

. s = 









In 



, r t in units ofa a (10.50) 



+ COS 



where r, is given by Eq. (10.49) and the velocity is given by (1.56) with 
the radius given by Eq. (10.42). The ionization energies are given by Eq. 
(10.48) wherein the relativistically corrected radii given by Eqs. (10.49- 
10.50) are used in the sum of the electric energy, Eq. (10.43), and the 
change in the kinetic energy, Eq. (10.47), of the inner electrons. The 
ionization energies for several three-electron atoms are given in Table 
10.1. 
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Table 10.1. Ionization energies for some three-electron atoms. 
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(eV) 
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Error n 


(eV) 
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(eV) 


(cV) 




5.3230 


1.6571E+04 


1.561 3E-03 


5.40381 


5.39172 


-0.00224 
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6.3646E-02 


64.3921 


64.4939 


0.00158 


97.6067 


1 .3782E+05 


1.0800E-0I 


97.7160 


97.8902 


0.00178 


137.6655 


1 .7026E+05 


I.6483E-01 


137.8330 


138.1197 


0.00208 


184.5001 


2.0298E+05 


2.3425E-01 


184.7390 


185.186 


0.00241 


238.1085 


2.3589E+05 


3.1636E-01 


238.4325 


239.0989 


0.00279 


298.4906 


2.6894E+05 


4.1123E-01 


mm r\ *"V m\ 0m fm 

298.9137 


299.864 


0.00317 


365.6469 


3.0210E+05 


5.I890E-01 


366.1836 
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0.00358 


439.5790 


3.3535E+05 


6.3942E-01 


440.2439 
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0.00397 


520.2888 


3.6868E+05 


7.7284E-01 


521.0973 
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0.00444 


607.7792 


4.0208E+05 
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608.7469 
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0.00489 
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4.3554E+05 


1.0785E+00 


703.1966 


707.01 


0.00539 
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4.6905E+05 


1 .2509E+00 


804.4511 


809.4 


0.00611 


910.9708 


5.0262E+05 


1.4364E+00 


912.5157 


918.03 


0.00601 


1025.6241 


5.3625E+05 


1 .6350E+00 


1027.3967 


1033.4 


0.00581 


1147.0819 


5.6993E+05 


1.8468E+00 


1149.1010 


1157.8 


0.00751 


1275.3516 


6.0367E+05 


2.0720E+00 


1277.6367 


1287.97 


0.00802 


1410.4414 


6.3748E+05 


2.3106E+00 


14130129 


1425.4 


0.00869 


1552.3606 


6.7135E+05 


2.5626E+00 


1555.2398 


1569.6 


0.00915 


1701.1197 


7.0530E+05 


2.8283E+00 


1704.3288 


1721.4 


0.00992 


1856.7301 


7.3932E+05 


3.1077E+00 


1860.2926 


1879.9 


0.01043 


2019.2050 


7.7342E+05 


3.401 1E+00 


2023.1451 


2023 


-0.00007 


2188.5585 


8.0762E+05 


3.7084E+00 


2192.9020 


2219 


0.01176 


2364.8065 


8.4191E+05 


4.0300E+00 


2369.5803 


2399.2 


0.01235 


2547.9664 


8.7630E+05 


4.366 1E+00 


2553.1987 


2587.5 
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u 

Be* 
B 2 * 
C 3+ 

Ne 1 * 
Na* + 
Mg 9 + 

A/ I0+ 
Si u+ 

p\2* 

S ,3+ 

c/ ,4+ 

Ar l5 + 
AT ,6+ 
C* l7+ 

r/ ,9+ 

1/20+ 

Cr 2,+ 

Co 24 * 
Ni 25 * 
Cu 1 ** 



3 
4 

5 

6 

7 

8 

9 

10 

I 1 

12 

13 
14 

15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 



0.35566 
0.26116 

0.20670 
0.17113 
0.14605 
0.12739 
0.11297 
0.10149 
0.09213 
0.08435 

0.07778 
0.07216 
0.06730 
0.06306 
0.05932 
0.05599 
0.05302 
0.05035 
0.04794 
0.04574 
0.04374 
0.04191 
0.04022 
0.03867 
0.03723 
0.03589 
0.03465 



2.55606 
1 .49849 

1.07873 
0.84603 
0.69697 
0.59299 
0.51621 
0.45713 
0.41024 
0.37210 

0.34047 
0.31381 
0.29102 
0.27132 
0.25412 
0.23897 
0.22552 
0.21350 
0.20270 
0.19293 
0. 1 8406 
0.17596 
0.16854 
0.16172 
0.15542 
0.14959 
0.14418 



a Radius of the paired inner electrons of three-electron atoms from Eq. (10.49). 

b Radius of the unpaired outer electron of three-electron atoms from Eq. (10.50). 

c Electric energy of the outer electron of three-electron atoms from Eq. (10.43). 

d Change in the velocity of the paired inner electrons due to the unpaired outer electron of 

three-electron atoms from Eq. (10.46). 
e Change in the kinetic energy of the paired inner electrons due to the unpaired outer electron 

of three-electron atoms from Eq. (10.47). 
f Calculated ionization energies of three-electron atoms from Eq. (10.48) for Z>3andEq. 

(10.25) for Li. 

9 From theoretical calculations, interpolation of isoelectronic and spectral series, and 

experimental data [2-3]. 
h (E^P^rim^nt^HheQret'C^IWyp^rirrientaK 
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The agreement between the experimental and calculated values of 
Table 10.1 is well within the experimental capability of the spectroscopic 
determinations including the values at large Z which relies on X-ray 
spectroscopy. In this case, the experimental capability is three to four 
significant figures which is consistent with the last column. The lithium 
atom isoelectronic series is given in Table 10.1 [2-3] to much higher 
precision than the capability of X-ray spectroscopy, but these values are 
based on theoretical and interpolation techniques rather than data alone. 
Ionization energies are difficult to determine since the cut-off of the 
Rydberg series of lines at the ionization energy is often not observed, and 
the ionization energy must be determined from theoretical calculations, 
interpolation of Li isoelectronic and Rydberg series, as well as direct 
experimental data. 

FOUR-ELECTRON ATOMS 

Four-electron atoms can be solved exactly using the results of the 
solutions of one, two, and three-electron atoms. 

RADII OF THE OUTER ELECTRONS OF FOUR-ELECTRON ATOMS 

For each three-electron atom having a central charge of Z times 
that of the proton, there are two indistinguishable spin-paired electrons 
in an orbitsphere with radii r Y and r 2 both given by Eq. (7.19): 

T 



1 = r 2=0 o 



1 



Z-l Z(Z-l) 



(10.51) 



and an unpaired electron with a radius r 3 given by Eq. (10.42). For Z£4, 
the next electron which binds to form the corresponding four-electron 
atom becomes spin-paired with the outer electron such that they become 
indistinguishable with the same radius % = r 4 . The corresponding spin- 
pairing force F^ is given by Eq. (7.15): 

Z m,r 4 

The central forces given by Eq. (10.36) and Eq. (10.52) act on the 
outer electron to cause it to bind wherein the electric force on the outer- 
most electron due to the nucleus and the inner three electrons is given by 
Eq. (10.28) with the appropriate charge and radius: 
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for r>r 3 . 

In addition to the paramagnetic spin-pairing force between the 
third electron initially at radius r 3 , the pairing causes the diamagnetic 
interaction between the outer electrons and the inner electrons given by 
Eq. (10.11) to vanish, except for an electrodynamic effect for Z>4 
described in the Two-Electron Atoms section, since upon pairing the 
magnetic field of the outer electrons becomes zero. Therefore, the force 
r ma g 2 * s * n ^ e same direction as the spin-pairing force and is given by 
substitution of Eq. (7.4) with the radius r 4 into Eq. (10.5): 



2 fc 2 



*mag2 



heB tl 0 ett 



2 3-r (10.54) 

2m e r x 2m e r x r; 

Then, from Eqs. (10.54) and (7.6-7.15), the diamagnetic force is given by 

■ F ^-71^^+* (1055) 

£> m e r t r 4 

The outward centrifugal force on electron 4 is balanced by the electric 
force and the magnetic forces (on electron 4). The radius of the outer 
electron is calculated by equating the outward centrifugal force to the 
sum of the electric (Eq. (10.53)), diamagnetic (Eqs. (10.11) and (10.35) for 
r 4 ), and paramagnetic (Eqs. (10.52) and (10.54)) forces as follows: 

m.vl ^ (Z-3)e 2 ^ h 2 r- rz-3l r.h 2 r-. r- ft 2 

Am o r} 



4m e r 4 r x 



^(TTi) + — *1_V^TT) - r|z|]45L 10 V^(7Ti) + -£- J V^ r » 

Zm t r 4 r x LZ-2jr 4 m e Zm e r A 



(10.56) 



Substitution of v 4 =-^- (Eq. (1.56) and s = j- into Eq. (10.56) gives: 

m e r A 2 

h 2 (Z-3)e 2 H 2 /3 , h 2 |3 fZ-3] r.ft 2 ff fi 2 

"V4 Lz-2_kV "V4 Zmjrl 



- + 



m e r A 



AikjZ Am e r 4 r t V 4 Zm, 



I 

(10.57) 



( 



(Z^3)e : 

47ie. 



1- 




3 



= 0 (10.58) 



The quadratic equation corresponding to Eq. (10.58) is 

f nr\ 



( 



(Z-3)e : 

47BE. 



(l l\h 2 [3\ 2 _ t?_ 



1- 
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4 
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\.Z-2\m e \4 



f (Z-3)e 2 T\ lW j3Y 4 ( (Z-3)e 2 (I l\h 2 [Pi 
{ 47te o U Z)m t r^A) \ Arte, U ZJm e r t iA) 



= 0 (10.60) 
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(Z-3) (I iy. 

Oo U zj/; 



3 
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= 0 



(10.61) 



The solution of Eq. (10.61) using the quadratic formula is^ 



1- 




3 
4 



V 



3 
4 



1 = 1 = 




[Mb 



ioj ! 



3 



(10.62) 

where a; is given by Eq. (10.51) and also Eq. (7.19). The positive root of 
Eq. (10.62) must be taken in order that r 4 >0. The final radius of electron 
4, r 4 , is given by Eq. (10.62); this is also the final radius of electron 3. The 
radii of several four-electron atoms are given in Table 10.2. 

ENERGIES OF THE BERYLLIUM ATOM 

The energy stored in the electric field, E(electric), is given by Eq. 
(10.43) with the appropriate charge and radius: 

E{electric) = - (Z ~ 3)g2 (10.63) 

The ionization energy is given by the sum of the electric energy and the 
diamagnetic and paramagnetic energy terms. The magnetic energy, 
E(magnetic) , for an electron corresponding to a radius r n given by Eq. (7.30) 

is 
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Zfc2 



E{magnetic) = ( 1 0 . 64) 



2 3 
m e r n 



Since there is no source of dissipative power, J»E of Eq. (10.27), to 
compensate for any potential change in the magnetic moments, Am, of the 
inner electrons due to the ionization of an outer electron of the beryllium 
atom, there is a diamagnetic energy term in the ionization energy for this 
atom that follows from the corresponding term for the lithium atom. This 
term is given by Eqs. (10.15-10.24) wherein r x is given by Eq. (10.51) 
with Z = 4 and r 3 = r 4 is given by Eq. (10.62). Thus, the change in magnetic 
energy of the inner orbitsphere is 5.144%, so that the corresponding 
energy AE^ is 

AjE^ = 0.05144 X 6.42291 eV = 0.33040 eV (10.65) 

where the magnetic energy of the inner electrons is 6.42291 eV. In 
addition, there is a paramagnetic energy term E(magnetic) corresponding 
to the ionization of a spin-paired electron from a neutral atom with a 
closed s-shell. The energy follows from that given for helium by Eqs. 
(7.28) and (7.30) wherein the electron radius for helium is replaced by 
the radius r 4 of Eq. (10.62). Then, the ionization energy of the beryllium 
atom is given by Eqs. (7.28), (7.30), (10.25), and (10.62-10.65): 



™. • « x (Z-3K llOJUftf Ar 

E(ionizatwn;Be) = ±- J — + 2 3 +AE 

&7te o r 4 m;i£ 8 (10.66) 

= 8.92 16 e V + 0.03226 e V + 0.33040 e V = 9.28430 eV 
The experimental ionization energy of beryllium is 9.32263 eV [3]. 

THE IONIZATION ENERGIES OF FOUR-ELECTRON ATOMS WITH A 
NUCLEAR CHARGE Z>4 

The ionization energies for the four-electron atoms with Z>4 are 

given by the sum of the electric energy, E(electric), given by Eq. (10.63) 

and the magnetic energies. The paramagnetic energy term corresponding 

to the ionization of a spin-paired electron from an atom with an external 

electric field is given by Eqs. (7.30) and (7.47) wherein the electron 

radius for helium is replaced by the radius r 4 of Eq. (10.62): 

1 

Ionization Energy = — Electric Energy Magnetic Energy (10.67) 

Once the outer electrons of four-electron atoms with Z>4 become 
spin unpaired during ionization, the corresponding magnetic field changes 
the velocities of the inner electrons in the same manner as shown for the 
case of the outer electron of three-electron atoms with Z>3. The 
magnetic effect is calculated for the remaining electron 3 at the radius r 4 
corresponding to condition of the derivation of Eq. (10.67) that follows 
from Eqs. (7.30) and (7.47). Thus, change in velocity, Av, in the four- 
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electron-atom case is that of three-electron atoms given by Eq. (10.46) 
wherein the electron radius r 3 is replaced by the radius r 4 of Eq. (10.62). 

Since the velocities of electrons one and two decrease during 
ionization in the case of four-electron atoms rather than increase as in 
the case of three-electron atoms, the corresponding kinetic energy 
decreases and the kinetic energy term given by Eq. (10.47) is the 
opposite sign in Eq. (10.48). Thus, the ionization energies of four-electron 
atoms with Z>4 given by Eqs. (10.48) and (10.67) with the electric 
energy (Eq. (10.63)), the magnetic energy (Eq. (10.64)), and the change in 
the kinetic energy of the inner electrons (Eq. (10.47)) are 

E(Ionization) = - Electric Energy - — Magnetic Energy - E? (10.68) 

The ionization energies for several four-electron atoms are given in Table 
10.2. Since the radii, r 4 , are greater than 10% of corresponding to a 

velocity of less than 1.5 X10 7 mfs, the relativistic corrections are negligible 
and are not included in Table 10.2. 
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Table 10.2. Ionization energies for some four-electron atoms. 
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1 2 
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1 J 




1 >* 
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1 e 
j j 


s 12 * 


1 a 


C/ I3+ 


17 




18 


* ,5+ 


19 


C« ,6+ 


20 


Sc ,1+ 


21 




22 




23 


Cr 20 * 


24 


A/n 2,+ 


25 


Fe 22 * 


26 


Co 23 * 


27 


M 24+ 


28 


Cm 25 * 


29 



0.26116 
0.20670 
0.17113 
0. 1 4605 
0.12739 
0.11297 
0.10149 
0.09213 



r 3 



0.04794 



1.52503 
1.07930 
0.84317 
0.69385 
0.59020 
0.51382 
0.45511 
0.40853 
0.37065 

0.33923 
0.31274 
0.29010 
0.27053 
0.25344 
0.23839 
0.22503 
0.21308 

0.20235 
0.19264 
0.18383 
0.17579 
0.16842 
0.16165 
0.15540 
0.14961 
0. 1 4424 



Electric Magnetic 
Energy c Energy d 



(eV) 

8.9178 
25.2016 
48.3886 
78.4029 
115.2148 
158.8102 
209.1813 
266.3233 
330.2335 

400.9097 
478.3507 
562.5555 
653.5233 
751.2537 

855.7463 
967.0007 
1085.0167 

1209.7940 
1341.3326 
1479.6323 
1624.6929 
1776.5144 
1935.0968 
2100.4398 
2272.5436 
2451.4080 



(eV) 

0.03226 
0.0910 
0.1909 
0.3425 
0.5565 
0.8434 
1.2138 

I. 6781 
2.2469 

2.9309 
3.7404 

4.6861 
5.7784 

7.0280 
8.4454 
10.0410 

II. 8255 
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16.0032 
18.4174 
21.0627 
23.9495 
27.0883 
30.4898 
34.1644 
38.1228 
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10" 5 ) 

0.4207 
0.7434 

1.0688 
1.3969 
1.7269 
2.0582 
2.3904 
2.7233 
3.0567 

3.3905 
3.7246 
4.0589 
4.3935 
4.7281 
5.0630 
5.3979 
5.7329 
6.0680 
6.4032 
6.7384 
7.0737 
7 .409 1 
7.7444 
8.0798 
8.4153 
8.7508 
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-0.0088 
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208.8243 
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-0.0075 


0.4217 
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-0.0061 
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329.6559 
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-0.0049 


U.ujjD 
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4.77 dORQ 


476.36 
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560.8 


-0.0013 
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652.3436 
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-0.0002 


1.2710 


749.8899 


749.76 


-0.0002 


1.4574 


854.1849 


854.77 


0.0007 


1.6566 


965.2283 


968 


0.0029 


1.8687 


1083.0198 


1087 


0.0037 


2.0935 


1207.5592 


1213 


0.0045 


2.3312 


1338.8465 


1346 


0.0053 


2.5817 


1476.8813 


1486 


0.0061 


2.8450 


1621.6637 


1634 


0.0075 


3.1211 


1773.1935 


1788 


0.0083 


3.4101 


1931.4707 


1950 


0.0095 
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2096.4952 


2119 


0.0106 


4.0264 


2268.2669 


2295 


0.0116 


4.3539 


2446.7858 
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0.0126 



a Radius of the paired inner electrons of four-electron atoms from Eq. (10.51). 
b Radius of the paired outer electrons of four-electron atoms from Eq. (10.62). 
c Electric energy of the outer electrons of four-electron atoms from Eq. (10.63). 
d Magnetic energy of the outer electrons of four-electron atoms upon unpairing from Eq. 
(7.30) and Eq. (10.64). 

6 Change in the velocity of the paired inner electrons due to the unpaired outer electron of 

four-electron atoms during ionization from Eq. (10.46). 
f Change in the kinetic energy of the paired inner electrons due to the unpaired outer electron 

of four-electron atoms during ionization from Eq. (10.47). 
9 Calculated ionization energies of four-electron atoms from Eq. (10.68) for Z>4 and Eq. 

(10.66) for Be. 

h From theoretical calculations, interpolation of isoelectronic and spectral series, and 

experimental data [2-3]. 
i (Experimental-theoretical)/experimental 



© 2003 by BlackLight Power, Inc. All rights reserved. 



.350 



The agreement between the experimental and calculated values of 
Table 10.2 is well within the experimental capability of the spectroscopic 
determinations including the values at large Z which relies on X-ray 
spectroscopy. In this case, the experimental capability is three to four 
significant figures which is consistent with the last column. The 
beryllium atom isoelectronic series is given in Table 10.2 [2-3] to much 
higher precision than the capability of X-ray spectroscopy, but these 
values are based on theoretical and interpolation techniques rather than 
data alone. Ionization energies are difficult to determine since the cut-off 
of the Rydberg series of lines at the ionization energy is often not 
observed, and the ionization energy must be determined from theoretical 
calculations, interpolation of Be isoelectronic and Rydberg series, as well 
as direct experimental data. 

2P- ORBITAL ELECTRONS BASED ON AN ENERGY MINIMUM 

For each four-electron atom having a central charge of Z times that 
of the proton, there are two indistinguishable spin-paired electrons in an 
orbitsphere with radii r x and r 2 both given by Eq. (7.19) (Eq. (10.51)) and 
two indistinguishable spin-paired electrons in an orbitsphere with radii r 3 
and r 4 both given by Eq. (10.62). For Z^5, the next electron which binds 
to form the corresponding five-electron atom is attracted by the central 
Coulomb field and is repelled by diamagnetic force due to the spin-paired 
inner electrons such that it forms and unpaired orbitsphere at radius r 5 . 

The central Coulomb force, F efeJ acts on the outer electron to cause it 
to bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner four electrons is given by Eq. (10.28) with the 
appropriate charge and radius: 

F„, = ( *~ 4) f i r (10.69) 

for r>r 4 . The same form of force equation also applies to six through ten- 
electron atoms as well as five-electron atoms: 

= (Z-n)*\ (10.70) 

for r>r n ^ where n corresponds to the number of electrons of the atom 

and Z is its atomic number. In each case, the magnetic field of the 
binding outer electron changes the angular velocities of the inner 
electrons. However, in each case, the magnetic field of the outer electron 
provides a central Lorentzian force which exactly balances the change in 
centrifugal force because of the change in angular velocity [1]. The inner 
electrons remain at their initial radii, but cause a diamagnetic force 
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according to Lenz's law. 

The diamagnetic force, F diamagneti£ , for the formation of an s orbital 

given by Eq. (10.11) with the appropriate radii is 

F d . gnrtic = *!_^ 5 +l)i r (10,71) 

However, with the formation of a third shell, a nonuniform 
distribution of charge is possible that achieves an energy minimum. 
Minimum energy configurations are given by solutions to Laplace's 
Equation. The general form of the solution (Eq. (11.1)) is 

(10-72) 

As shown in the Excited States of the One-Electron Atom 
(Quantization) section, this general solution in the form of a wave- 
equation gives the functions of the resonant photons of excited states. 
From Eqs. (2.15-2.16): 

Q) n =0 for m = 0 (10.73) 
n = 1,2,3,4,... 
I = 1,2,. — 1 
in — — Jl, — Jl +1,...,0,...,+ A 

E r is the sum of the "trapped photon" and proton electric fields, 



E =— i 

<y„ =0 for m = 0 (10.74) 

As shown in the Angular Function section and the Instability of Excited 

States section, the charge-density functions including the time-function 

factor are also solutions of Laplace's equation in the form of a wave- 
equation (Eqs. (1.48-1.49)): 

1=0 

p(r,0,0,f) = —Mr- r n )p 0 °(9,<l>)+ Y t m {6^)) (10.75) 

p(r, 6, 4>,t) = j^lS(r - O][y?(0, <t>) + Re{Y?(d, 0)[l + e" 0 "']}] (10.76) 
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p(r,0,<M) = ^ tf(r- OpWj) + Ro{Y e m {e^)e^}] (10.77) 
where 

Re{y f fl, (^0)[l + = Re[y, m (e,0)+ y, w (©^y o, •'] = P, m (cosfl)cosm0 + ^ m (cos0)cQs(m^ + o>» 
or Re{y/ , (0,0y^'} = /f (cos»)cos(m0 + G>>) and to keep the form of the 

spherical harmonic as a traveling wave about the z-axis, a) n -ma) n . In the 
cases that m*0, Eq. (1.65) is a traveling charge-density wave that moves 
on the surface of the orbitsphere about the z-axis with frequency a> n and 

modulates the orbitsphere corresponding to Jl = 0. These functions 
comprise the well known s, p, d, f, etc. orbitals wherein the constant 
function Y£(0,<l>) corresponds to the spin function having spin angular 

momentum and the modulation function Rely™^^)*?'"-'} corresponds to the 

orbital function having orbital angular momentum as given in the 
Angular Function section and the Rotational Parameters of the Electron 
(Angular Momentum, Rotational Energy, Moment of Inertia) section. 

Similar to the phenomenon observed for spherical conductors [4-5], 
spherical harmonic charge-density waves may be induced in the inner 
electron orbitspheres with the addition of one or more outer electrons, 
each having an orbital quantum number £*Q as given by Eq. (10.77). 
With Z>5, an energy minimum is achieved when the fifth through tenth 
electrons of each five through ten-electron atom fills a p orbital with the 
formation of orthogonal complementary charge-density waves in the 
inner shell electrons. To maintain the symmetry of the central charge 
and the energy minimum condition given by solutions to Laplace's 
equation (Eq. (10.72)), the charge-density waves on electron orbitspheres 
at r x and r 3 complement those of the outer orbitals when the outer p 

orbitals are not all occupied by at least one electron, and the 
complementary charge-density waves are provided by electrons at r 3 
when this condition is met. Since the angular harmonic charge-density 
waves are nonradiative as shown in the Spacetime Fourier Transform of 
the Electron Function section and Appendix I: Nonradiation Based on the 
Electromagnetic Fields and the Poynting Power Vector, the time-averaged 
central field is inverse r-squared even though the central field is 
modulated by the concentric charge-density waves. The modulated 
central field maintains the spherical harmonic orbitals that maintain the 
spherical-harmonic phase according to Eq. (10.72). For £ = \ and m = ±l, 
the spherical harmonics Y ( m (0,<p) given by Eqs. (1.66-1.67) are 

y |x =sin0cos0 (10.78) 
y |y =sinflsin0 (10.79) 

i 
i 



2003 by BlackLight Power, Inc. All rights reserved. 
, 353 

wherein the x and y designation corresponds, respectively, to the 
historical p x and p y probability-density functions of quantum mechanics. 
The p x and p y charge-density waves rotate in the same direction such 

that their individual contributions to the diamagnetic force add, or they 
rotate in opposite directions such that their contributions cancel. In 
addition, for i-\ and m = 0, the spherical harmonic If* (0,0) is 

X = cos0 (10.80) 
wherein the z designation corresponds to the historical p z probability- 
density function of quantum mechanics. The demonstration that the 
modulated orbitsphere solutions are solutions of the wave equation 
appears in Box 1.1. 

As shown by Eq. (10.9), the diamagnetic force is dependent on the 
integral of the charge-density squared over the surface of the 
orbitsphere with the further constant of the invariance of charge under 
Gauss's integral law. The correction to the force due to a time and 
spatially-dependent spherical harmonic current-density wave is given by 
the normalization term for spherical harmonics given by Eq. (3.53) of 
Jackson [6] and Eq. (6-76) of McQuarrie [7]: 

(* + ' m '> ! x (10.81) 
(2* + l)(*-|m|)! 

Since the spin function is constant and the orbital function is a traveling 
wave, only the latter contributes to the diamagnetic and paramagnetic- 
force contributions of an unpaired electron. Substitution of Eq. (10.81) 
into Eq. (10.11) gives the contribution of each orbital to the diamagnetic 
force, ¥ diamagnetic , which is summed over the orbitals: 

r -Sp/;,^^^- < 10 - 82 > 

where the contributions from orbitals having M-l ac *d positively or 
negatively. 

For each five-electron atom having a central charge of Z times that 
of the proton, there are two indistinguishable spin-paired electrons in an 
orbitsphere with radii r t and r 2 both given by Eq. (7.19) (Eq. (10.51)), two 
indistinguishable spin-paired electrons in an orbitsphere with radii r 3 and 
r 4 both given by Eq. (10.62), and an unpaired electron is in an orbitsphere 
at r 5 given by Eq. (10.113). For Z>6, the next electron which binds to 
form the corresponding six-electron atom is attracted by the central 
Coulomb field and is repelled by diamagnetic force due to the spin-paired 
inner electrons. A paramagnetic spin-paring force to form a filled s 
orbital is also possible, but the force due to the spin-pairing of the 
electrons (Eq. (7.15) with the radius r 6 ) reduces the energy of the atom 
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less than that due to the alternative forces on two unpaired p electrons in 
an orbitsphere at the same radius r 6 . 

In general, a nonuniform distribution of charge achieves an energy 
minimum with the formation of a third shell due to the dependence of 
the magnetic forces on the nuclear charge and orbital energy (Eqs. 
(10.52), (10.55), and (10.93)). The outer electrons of atoms and ions that 
are isoelectronic with the series boron through neon half-fill a 2p level 
with unpaired electrons at nitrogen, then fill the level with paired 
electrons at neon. Thus, it is found that the purely postulated Hund's 
Rule and the Pauli Exclusion Principle of the assignment of unique 
quantum numbers to all electrons are not "weird spooky action" 
phenomena unique to quantum mechanics that require all electrons in 
the universe to have instantaneous communication and coordination with 
no basis in physical laws such as Maxwell's equations. Rather they are 
phenomenological consequences of those laws. 

Each outer 2p electron contributes spin as well as orbital angular 
momentum. The former gives rise to spin pairing to another 2p electron 
when an energy minimum is achieved. The corresponding force, F mo ^ 2 , 

given by Eq. (10.52) is: 

^-hb-J**®- (10 - 83) 

The orbital angular momenta of spin-paired electrons may add to double 
the spin-pairing force of each individual p electron such that the 
resultant force is four times that of Eq. (10.83) in agreement with the 
energy (and force) relationship of magnetic fields (Eq. (1.122)): 

F^ 2 =7^V^n)i r (10-84) 

Or, the orbital angular momenta of spin-paired electrons may add 
negatively to cancel such that due to the contribution from spin- 

pairing alone is equivalent to that given by Eq. (10.83). 
Since the electron velocity given by Eq. (1.47) is 

— (10.85) 



The scalar sum of the magnitude of the angular momentum of each 
infinitesimal point of the orbitsphere L ; of mass m s must be constant. 
The constant is ft. 

ZlM = Zl rX ^ v l = ^ — = ^ (10.86) 

m e r n 

where the velocity is given by Eq. (147). The sum of the magnitude of 
the angular momentum of the electron is h in any inertial frame and is 
relativistically invariant. The vector projections of the orbitsphere spin 
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angular momentum relative to the Cartesian coordinates are given in the 
Spin Angular Momentum of the Orbitsphere with 1=0 section. The 
orbital and spin angular momentum of excited states is also quantized in 
units of ft as shown in the Orbital and Spin Splitting section. The orbital 
moment of inertia, I orbitan corresponding to orbital quantum number £ (Eq. 

(1.96)) is 

= m A4^f . m e r * fX (10.87) 

.orb**! en [^ +2 ^ +1 J en 

The spin and orbital angular momentum can superimpose positively or 
negatively: 

h^i^L lspin ^L zorbital (10.88) 

Thus, the contribution of the orbital angular momentum to the 
paramagnetic force is also that given by Eq. (10.83): 

F -' = 7^^ 7TI * (10 - 89) 

Z m e r n r 3 

And, the total force is given as the sum over the orbital and spin angular 
momenta that may add positively or negatively to achieve an energy 
minimum while maintaining the conservation of angular momentum. 

The amplitude of the corresponding rotational energy, E ntationat , 

given by Eqs. (1.95-1.96) is 

ft 2 r e(e+i) i *» rr 

^rotational orb,*, ^2 ^2 + ^ + j J ^ ^ + J 

Since the orbital rotational energy arises from a spin function (spin 
angular momentum) modulated by a spherical harmonic angular function 
(orbital angular momentum), the time-averaged orbital rotational energy 
having an amplitude given by Eq. (1.95) (Eq. (10.90)) is zero: 

{Erotat^i = 0 (10.91) 
However, the orbital energy is nonzero in the presence of a magnetic 
field. 

N-electron atoms having Z>n possess an electric field of 

E= (Z-n)e (10.92) 

47TE o r 2 

for r>r„. Since there is a source of dissipative, J*E of Eq. (10.27), the 

magnetic moments of the inner electrons may change due to the outer 
electron such that the energy of the n-electron atom is lowered. The 
diamagnetic force, F diamagnetic 2 • due to a relativistic effect with an electric 

field for r>r n (Eq. (10.35)) is dependent on the amplitude of the orbital 

energy. Using the orbital energy with £ = l (Eq. (10.90)), the energy m e Av 2 
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of Eq. (10.29) is reduced by the factor of 1-— due to the contribution 



of the charge-density wave of the inner electrons at r 3 . Thus, F <w , 5lvffc2 is 
given by 



Using the forces given by Eqs. (10.70), (10.82-10.84), (10.89), 
(10.93), and the radii r 3 given by Eq. (10.62), the radii of the 2p electrons 
of all five through ten-electron atoms may be solved exactly. The electric 
energy given by Eq. (10.102) gives the corresponding exact ionization 
energies. F ele and ¥ diamagnetic 2 given by Eqs. (10.70) and (10.93), respectively, 

are of the same form for all atoms with the appropriate nuclear charges 
and atomic radii. F dflmfl ^ c given by Eq. (10.82) and given by Eqs. 

(10.83-10.84) and (10.89) are of the same form with the appropriate 
factors that depend on the minimum-energy electron configuration. The 
general equation and the summary of the parameters that determine the 
exact radii and ionization energies of all five through ten-electron atoms 
are given the General Equation For The Ionization Energies of Five 
Through Ten-Electron Atoms section and in Table 10.9. 

FIVE-ELECTRON ATOMS 

Five-electron atoms can be solved exactly using the results of the 
solutions of one, two, three, and four-electron atoms. 

RADIUS AND IONIZATION ENERGY OF THE OUTER ELECTRON OF 
THE BORON ATOM 

For each four-electron atom having a central charge of Z times that 
of the proton, there are two indistinguishable spin-paired electrons in an 
orbitsphere with radii r, and r 2 both given by Eq. (7.19) (Eq. (10.51)) and 
two indistinguishable spin-paired electrons in an orbitsphere with radii r 3 
and r 4 both given by Eq. (10.62). For Z>5, the next electron which binds 
to form the corresponding five-electron atom is attracted by the central 
Coulomb field and is repelled by diamagnetic force due to the spin-paired 
inner electrons such that it forms and unpaired orbitsphere at radius r 5 . 

The resulting electron configuration is ls 2 2s 2 2p\ and the orbital 
arrangement is 




(10.93) 



2p state 

r 



(10.94) 



1 0-1 

corresponding to the ground state 2 f{° 2 . 
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The central Coulomb force acts on the outer electron to cause it to 
bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner four electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 

F <* =1 i^ i ' (10 - 95) 

for r>r 4 . 

The single p orbital of the boron atom produces a diamagnetic force 
equivalent to that of the formation of an s orbital due to the induction of 
complementary and spherically symmetrical charge-density waves on 
electron orbitspheres at r x and r 3 in order to achieve a solution of 

Laplace's equation (Eq. (10.72)). The inner electrons remain at their 
initial radii, but cause a diamagnetic force according to Lenz's law that is 
two times that of Eqs. (10.11) and (10.71) since the two electrons at /j=r 2 
act on the two electrons at r 3 =r 4 which in turn act of the outer electron. 
^magnetic * s a l so given by Eq. (10.82) with the appropriate radii when the 
contributions from the three orthogonal spherical harmonics are summed 
over including those induced: 

V diomagnetic =- 7 ^V^(^l)ir (10.96) 

The charge induction forms complementary mirror charge-density 
waves which must have opposing angular momenta such that momentum 
is conserved. In this case, given by Eq. (10.89) is zero: 

^2=0 (10.97) 

The outward centrifugal force on electron 5 is balanced by the 

electric force and the magnetic force (on electron 5). The radius of the 
outer electron is calculated by equating the outward centrifugal force to 

the sum of the electric (Eq. (10.95)) and diamagnetic (Eq. (10.96)) forces 
as follows: 

^ = (Z^__2*^— ^ (109g) 
r s 47re 0 r 5 4m/ 5 r 3 

ft 1 

Substitution of v s = (Eq. (1.56)) and j = — into Eq. (10.98) gives: 

m e r 5 2 

ft 2 (Z-4)e 2 h 2 



(10.99) 



r 5 =y 2b — =rr, r 3 wwni/j(?/fl 0 (10.100) 
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Substitution of -^- = 1.07930 (Eq. (10.62) with Z = 5) into Eq. (10.100) gives 

^ = 1.6700035100 (10.101) 
In general, the energy stored in the electric field, E(electric)^ is given 
by Eq. (10.43) with the appropriate charge and radius: 

E{electric) = - (Z - ( " " 1))g (10.102) 

where n corresponds to the number of electrons of the atom and Z is its 
atomic number. The ionization energy is given by the sum of the electric 
energy and the energy corresponding to the change in magnetic-moments 
of the inner shell electrons. Since there is no source of dissipative power, 
J#E of Eq. (10.27), to compensate for any potential change in the 
magnetic moments, A/n, of the inner electrons due to the ionization of the 
outer electron of the boron atom, there is a diamagnetic energy term in 
the ionization energy for this atom that follows from the corresponding 
term for the lithium atom. Since the diamagnetic force for the boron 
atom (Eq. (10.96)) is twice that of the corresponding force (Eq. (10.11)) of 
the lithium atom, this term is given by twice that of Eqs. (10.15-10.24), 
with Z = 5, r 3 given by Eq. (10.62), and r 5 given by Eq. (10.101). Thus, the 
change in magnetic energy of the inner orbitsphere at r 3 is 85.429321 %, so 
that the corresponding energy AE^ is 

AE^ = 2(0.85429321 X 0.09100214 eV) = 0.15548501 eV (10.103) 

where the magnetic energy of the inner electrons is 0.09100214 eV (Eqs. 
(10.64) and (10.101)). Then, the ionization energy of the boron atom is 
given by Eqs. (10.101-10.102) and (10.103): 

(Z-4)e 2 

Edonization; B) = - j— + AE^ ( 1 0. 1 04) 

= 8.147170901 eV + 0.15548501 eV = 8.30265592 eV 
The experimental ionization energy of the boron atom is 8.29803 eV [3]. 

THE IONIZATION ENERGIES OF FIVE-ELECTRON ATOMS WITH A 
NUCLEAR CHARGE Z>5 

Five-electron atoms having Z>5 possess an external electric field 
given by Eq. (10.92). In this case, an energy minimum is achieved with 
conservation of momentum when the orbital angular momentum is such 
that ¥ diamagnetic is minimized while "F^j is maximized. From Eq. (10.82), the 

diamagnetic force, F^^^, is given by the sum of the contributions from 

the p x9 p y , and p z orbitals corresponding to m = 1, -1, and 0, respectively: 
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With Z>5, the charge induction forms complementary mirror 
charge-density waves such that the angular momenta do not cancel. 
From Eq. (10.89), F^ 2 corresponding to the orbital angular momentum of 

the single p x electron is 

F« 4J ^-*W^Tl)i r (10.106) 

* Z m e r 5 r 3 

The second diamagnetic force, F diamggnetic2 , due to the binding of the p- 
orbital electron having an electric field outside of its radius is given by 
Eq. (10.93): 

In the case that Z>5, the radius of the outer electron is calculated 
by equating the outward centrifugal force to the sum of the electric (Eq. 
(10.95)) and diamagnetic (Eqs. (10.105) and (10.107)), and paramagnetic 
(Eq. (10.106)) forces as follows: 
m e vj ^ (Z-4)e 2 5ft 2 
r s totEjl 12m e r?r 3 

(10.108) 

Substitution of v s = — (Eq. (1.56)) and s = ^ into Eq. (10.108) gives: 



Zm. r s r 3 LZ-4\ 2 )r 5 m e 



m e r s 



(Z - 4)e 2 5ft 2 (3 



m e r s 4jI£ o r s 12m,r s 2 r 3 V4 Zm 



(10.109) 

The quadratic, equation corresponding to Eq. (10.109) is 

^ 4ne o ll2 Zjm e r 3 i4) 5 m e 5 |_Z-4j, 2 J /n, \4 

(10.110) 

ft r ~ ~ 



* f (Z-4)e 2 f j nft 2 IsY 5 f (Z-4)e 2 (5 I \ ft 2 fT| 
[ 4«E„ ll2 Z)m t r 3 i4) { 4ne o \12 Z)m e r^4) 

(10.111) 

The solution of Eq. (10.111) using the quadratic formula is: 



360 ; 
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m. 



( 



(Z - 4)g- 

4 ns _ 



U2 z)m e r^A) 



m. 



( Z - 4)e 

47E£„ 

h 



U2 Z)m t r^^) ) 



f (Z-4)e 2 f 5 n ft 1 fpi 
{ 4*e„ U2 zJ/n^^J 



(10.112) 











(«-- «-A)?r, 




1 





(10.113) 



r 3 in o/Oq 

where r 3 is given by Eq. (10.62). The positive root of Eq. (10.113) must be 

taken in order that r 5 >0. The radii of several five-electron atoms are 

given in Table 10.3. 

The ionization energies for the five-electron atoms with Z>5 are 
given by the electric energy, E(electric), (Eq. (10.102) with the radii, r 5 , 

given by Eq. (10.113)): 

(Z - 4)e 2 



E(fonization) = -Electric Energy = 



%7te 0 r s 



(10.114) 



Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured five-electron atoms are given in 
Table 10.3. 
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5e 

Atom 



B 

<r 

0 s * 

Ne s * 
Na 6 * 
Mg 1 * 

Al*+ 

Si 9 * 
pio* 

S u+ 

a"* 

Ar ,3+ 

K u+ 

Ca ,s * 

5c ,6+ 

7i ,7+ 

Cr l9 + 
Mn 20+ 
Fe 2,+ 
Co n * 
Ni 23+ 
Cu*+ 



5 0.20670 

6 0.17113 

7 0.14605 

8 0.12739 

9 0.11297 

10 0.10149 

11 0.09213 

12 0.08435 

13 0.07778 

14 0.07216 

15 0.06730 

16 0.06306 

17 0.05932 

18 0.05599 

19 0.05302 

20 0.05035 

21 0.04794 

22 0.04574 

23 0.04374 

24 0.04191 

25 0.04022 

26 0.03867 

27 0.03723 

28 0.03589 

29 0.03465 



»*3 

(<O b 

1.07930 
0.84317 

0.69385 
0.59020 
0.51382 
0.45511 
0.40853 
0.37065 

0.33923 
0.31274 
0.29010 
0.27053 
0.25344 

0.23839 
0.22503 
0.21308 
0.20235 
0.19264 
0.18383 
0.17579 
0.16842 
0.16165 
0.15540 
0.14961 
0. 14424 



1.67000 
1.12092 

0.87858 
0.71784 
0.60636 
0.52486 
0.46272 
0.41379 

0.37425 
0.34164 
0.31427 
0.29097 
0.27090 
0.25343 
0.23808 
0.22448 
0.21236 
0.20148 
0.19167 
0.18277 
0.17466 
0.16724 
0.16042 
0.15414 
0.14833 



Theoretical 
Ionization 

Energies d 

(eV) 
8.30266 
24.2762 

46.4585 

75.8154 

112.1922 

155.5373 

205.8266 

263.0469 

327.1901 

398.2509 

476.2258 

561.1123 

652.9086 

751.6132 

857.225 1 

969.7435 

1089.1678 

1215.4975 

1348.7321 

1488.8713 

1635.9148 

1789.8624 

1950.7139 

2118.4690 

2293.1278 



Experimental 
Ionization 

Energies e 

(eV) 
8.29803 
24.38332 
47.44924 
77.41353 
1 14.2428 
157.93 
208.5 
265.96 

330.13 
401.37 
479.46 
564.44 
656.71 
755.74 
861.1 

974 

1094 

1221 

1355 

1496 

1644 

1799 

1962 

2131 

2308 



Relative 
Error f 



-0.00056 
0.0044 

0.0209 

0.0206 

0.0179 
0.0152 

0.0128 

0.0110 

0.0089 
0.0078 
0.0067 
0.0059 
0.0058 

0.0055 
0.0045 
0.0044 
0.0044 
0.0045 
0.0046 
0.0048 
0.0049 
0.0051 
0.0058 
0.0059 
0.0064 



3 Radius of the first set of paired inner electrons of five-electron atoms from Eq. (10.51). 
b Radius of the second set of paired inner electrons of five-electron atoms from Eq. (10.62). 
c Radius of the outer electron of five-electron atoms from Eq. (10.113) for Z>5 and Eq. 
(10.101) for B. 

d Calculated ionization energies of five-electron atoms given by the electric energy (Eq. 
(10.114)) for Z>5 and Eq. (10.104) for B. 

e From theoretical calculations, interpolation of isoelectronic and spectral series, and 

experimental data [2-3]. 
f fExperimental-theoreticaD/experimental. 

The agreement between the experimental and calculated values of 
Table 10.3 is well within the experimental capability of the spectroscopic 
determinations including the values at large Z which relies on X-ray 



* 
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spectroscopy. In this case, the experimental capability is three to four 
significant figures which is consistent with the last column. The boron 
atom isoelectronic series is given in Table 10.3 [2-3] to much higher 
precision than the capability of X-ray spectroscopy, but these values are 
based on theoretical and interpolation techniques rather than data alone. 
Ionization energies are difficult to determine since the cut-off of the 
Rydberg series of lines at the ionization energy is often not observed, and 
the ionization energy must be determined from theoretical calculations, 
interpolation of B isoelectronic and Rydberg series, as well as direct 
experimental data. 

* 

SIX-ELECTRON ATOMS 

Six-electron atoms can be solved exactly using the results of the 
solutions of one, two, three, four, and five-electron atoms. 

RADIUS AND IONIZATION ENERGY OF AN OUTER ELECTRON OF 
THE CARBON ATOM 

For each five-electron atom having a central charge of Z times that 
of the proton, there are two indistinguishable spin-paired electrons in an 
orbitsphere with radii r y and r 2 both given by Eq. (7.19) (Eq. (10.51)), two 
indistinguishable spin-paired electrons in an orbitsphere with radii r 3 and 
r 4 both given by Eq. (10.62), and an unpaired electron is in an orbitsphere 
at r 5 given by Eq. (10.113). For Z>6, the next electron which binds to 

form the corresponding six-electron atom is attracted by the central 
Coulomb field and is repelled by diamagnetic force due to the spin-paired 
inner electrons. A paramagnetic spin-paring force to form a filled s 
orbital is also possible, but the force due to the spin-pairing of the 
electrons (Eq. (7.15) with the radius r 6 ) reduces the energy of the atom 

less than that due to the alternative forces on two unpaired p electrons in 
an orbitsphere at the same radius r 6 . The resulting electron configuration 

is ls 2 2s 2 2p 2 9 and the orbital arrangement is 
2p state 

JT f (10.115) 

10-1 
corresponding to the ground state *P 0 . 

The central Coulomb force acts on the outer electron to cause it to 
bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner five electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 

F gto = ( ^" 5) f i r (10.116) 
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i 

for r>r 5 . 

The two orthogonal electrons form charge-density waves such that 
the total angular momentum of the two outer electrons is conserved 
which determines the diamagnetic force according to Eq. (10.82). F^^^^ 

is 

/— --(Ddk^ 1 * <101,7) 

corresponding to m = l. 

The charge induction forms complementary mirror charge-density 
waves which must have opposing angular momenta such that momentum 
is conserved. In this case, given by Eq. (10.89) is zero: 

F ,=0 (10.118) 

''mag 2 x ' 

The outward centrifugal force on electron 6 is balanced by the 
electric force and the magnetic forces (on electron 6). The radius of the 
outer electron is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (10.116)) and diamagnetic (Eq. (10.117)) 
forces as follows: 

g^i = (2 ~ 5) f »L-^Ti) (10.119) 

r 6 47te o r 6 6m/ 6 r 3 
Substitution of v 6 =— (Eq. (1.56)) and 5 = ^ into Eq. (10.119) gives: 

(10.120) 



r 6 = j — j=^, r 3 in units of (10.121) 



(Z-5)- v4 




6r 3 



Substitution of -^ = 0.84317 (Eq. (10.62) with Z = 6) into Eq. (10.121) gives 

^ = 1.206540,, (10.122) 
The ionization energy of the carbon atom is given by the electric 
energy, E{electric), (Eq. (10.102) with the radius, r 6 , given by Eq. (10.122)): 

Edonization; C) = —Electric Energy = = 1 1 .2767 1 eV (10.123) 

where r 6 = 1.20654oo (Eq. (10.122)) and Z = 6. The experimental ionization 
energy of the carbon atom is 1 1.2603 eV [3]. 

THE IONIZATION ENERGIES OF SIX-ELECTRON ATOMS WITH A 
NUCLEAR CHARGE Z>6 
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Six-electron atoms having Z>6 possess an external electric field 
given by Eq. (10.92). In this case, an energy minimum is achieved with 
conservation of momentum when the orbital angular momentum is such 
that F,^^, is minimized while F^ 2 is maximized. From Eq. (10.82), the 

diamagnetic force, F rfiamo ^, /c , is given by the sum of the contributions from 

the p xJ p r and p t orbitals corresponding to m = 1, -1, and 0, respectively: 

*—--(!♦! ^kfe^* -ii)^^*- (10124) 

With Z>6, the charge induction forms complementary mirror 
charge-density waves such that the angular momenta do not cancel. 
From Eq. (10.89), F^j corresponding to the orbital angular momentum of 

the two p electrons in addition to complementary charge-density waves 
is 

***- 2 ?^J*^-J^J*^ (10.125) 
£ m e r 6 r 3 Z m e r 6 r 3 

The second diamagnetic force, V diamag mtie 2 , due to the binding of the p- 

orbital electron having an electric field outside of its radius is given by 
Eq. (10.93): 

F^ f , 2 = 4 l^fT 1 - ^1^10V^Tl)i r (10.126) 

In the case that Z>6, the radius of the outer electron is calculated 
by equating the outward centrifugal force to the sum of the electric (Eq. 
(10.116)), diamagnetic (Eqs. (10.124) and (10.126)), and paramagnetic 
(Eq. (10.125)) forces as follows: 

m e vl _ (Z - 5)e 2 5ft 2 



V^Ti) + - r|z|Yi - ^]^L 10 VI(7TT) 

Zm e r 6 r 3 lZ-5\ 2 Jm e r 6 



(10.127) 

1_ 

m e r 6 x 2 



Substitution of v 6 = (Eq. (1.56)) and s = — into Eq. (10.127) gives: 



(Z-5)e 2 5ft 2 13 4ft 



ft 2 [3 fZ-6Y J2)j£_ l0 (I 
e r 6 2 r,"V4 lZ-5}{ 2 J/^m, "V4 



m e r 6 3 4;rv 2 12m f r 6 V 3 V4 Zm, 

(10.128) 

The quadratic equation corresponding to Eq. (10.128) is 



^ 4*E 0 Vl2 Z;m e r } V4j 6 m, 6 LZ-5^ 2 J m t V4 



(10.129) 
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h 
m 



{Z-5)e 



m t r 3 u] I 



(Z-5)e 

47t£_ 



m e rj4) 



= 0 



The solution of Eq. (10.130) using the quadratic formula is: 



(10.130) 



r 6 = 







h 2 

m e + 


f(Z-S)e 2 (5 4\h 2 fJ} 
{{ 4m 0 ll2 Zjm e r 3 i4)) 


((Z-5)e 2 (5 4\h 2 fj} 




{ 4ne„ U2 Z)m t r i i4) ^ 


({Z-S)e 2 (5 4\h 2 fT\ 
{ 4ne a ll2 Z)m e r i \4) 



(10.131) 




±a 0 



r s = 



(10.132) 



r 3 in units of a Q 

where r 3 is given by Eq. (10.62). The positive root of Eq. (10.132) must be 

taken in order that r 6 >0. The final radius of electron 6, r 6 , is given by Eq. 

(10.132); this is also the final radius of electron 5. The radii of several 
six-electron atoms are given in Table 10.4. 

The ionization energies for the six-electron atoms with Z>6 are 
given by the electric energy, E(electric), (Eq. (10.102) with the radii r 6 , 

given by Eq. (10.132)): 

(Z - 5)e 7 



E(Ionization) = -Electric Energy = 



(10.133) 



Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured six-electron atoms are given in 
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Table 10.4. 



Table 10.4. Ionization energies for some six-electron atoms. 



6e 
Atom 



C 

o 2+ 

F 3+ 
Ne 4 * 
Na 5+ 
Mg 6 * 

Af+ 
Si' + 

s I0+ 
a" + 

Ar n * 
K"+ 
Ca u+ 
Sc ,s * 

y"* 

Cr ,8+ 
Mn ,9+ 
Fe 20+ 
Co 21 * 
M 22+ 
Cu"+ 



z 




r 3 








(a a ) b 




6 


0.17113 


0.84317 


1.20654 


7 


0. 14605 


0.69385 


- 0.90119 


8 


0.12739 


0.59020 


0.74776 


9 


0.11297 


0.51382 


0.63032 


10 


0.10149 


0.45511 


0.54337 


11. 


0.09213 


0.40853 


0.47720 


12 


0.08435 


0.37065 


0.42534 


13 


0.07778 


0.33923 


0.38365 


14 


0.07216 


0.31274 


0.34942 


15 


0.06730 


0.29010 


0.32081 


16 


0.06306 


0.27053 


0.29654 


17 


0.05932 


0.25344 


0.27570 


18 


0.05599 


0.23839 


0.25760 


19 


0.05302 


0.22503 


0.24174 


20 


0.05035 


0.21308 


0.22772 


21 


0.04794 


0.20235 


0.21524 


22 


0.04574 


0.19264 


0.20407 


23 


0.04374 


0.18383 


0.19400 


24 


0.04191 


0.17579 


0.18487 


25 


0.04022 


0.16842 


0.17657 


26 


0.03867 


0.16165 


0.16899 


27 


0.03723 


0.15540 


0.16203 


28 


0.03589 


0.14961 


0.15562 


29 


0.03465 


0.14424 


0. 14970 



Theoretical 
Ionization 

Energies d 

(eV) 
11.27671 
30. 1950 

54.5863 

86.3423 
125.1986 

171.0695 

223.9147 

283.7121 

350.4480 

424.1135 

504.7024 

592.2103 

686.6340 

787.9710 

896.2196 

1011.3782 

1 133.4456 

1262.4210 

1398.3036 

1541.0927 

1690.7878 

1847.3885 

2010.8944 

2181.3053 



Experimental 
Ionization 

Energies e 

(eV) 
1 1 .2603 
29.6013 

54.9355 

87.1398 
126.21 

172.18 
225.02 

284.66 

351.12 

424.4 

504.8 

591.99 

686.1 

786.6 

894.5 

1009 

1131 

1260 

1396 

1539 

1689 

1846 

2011 

2182 



Relative 
Error f 



-0.0015 
-0.0201 

0.0064 

0.0092 

0.0080 

0.0064 

0.0049 

0.0033 

0.0019 

0.0007 

0.0002 

-0.0004 

-0.0008 

-0.0017 

-0.0019 

-0.0024 

-0.0022 

-0.0019 

-0.0017 

-0.0014 

-0.0011 

-0.0008 

0.0001 

0.0003 



a Radius of the first set of paired inner electrons of six-electron atoms from Eq. (10.51). 
0 Radius of the second set of paired inner electrons of six-electron atoms from Eq. (10.62). 
c Radius of the two unpaired outer electrons of six-electron atoms from Eq. (10.132) for 
Z>6 and Eq. (10.122) for C. 

d Calculated ionization energies of six-electron atoms given by the electric energy (Eq. 
(10.133)). 

6 From theoretical calculations, interpolation of isoelectronic and spectral series, and 

experimental data [2-3]. 
' (Experiment al-theoreticall/experimental. '. 



The agreement between the experimental and calculated values of 
Table 10.4 is well within the experimental capability of the spectroscopic 
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determinations including the values at large Z which relies on X-ray 
spectroscopy. In this case, the experimental capability is three to four 
significant figures which is consistent with the last column. The carbon 
atom isoelectronic series is given in Table 10.4 [2-3] to much higher 
precision than the capability of X-ray spectroscopy, but these values are 
based on theoretical and interpolation techniques rather than data alone. 
Ionization energies are difficult to determine since the cut-off of the 
Rydberg series of lines at the ionization energy is often not observed, and 
the ionization energy must be determined from theoretical calculations, 
interpolation of C isoelectronic and Rydberg series, as well as direct 
experimental data. 

SEVEN-ELECTRON ATOMS 

Seven-electron atoms can be solved exactly using the results of the 
solutions of one, two, three, four, five, and six-electron atoms. 

RADIUS AND IONIZATION ENERGY OF AN OUTER ELECTRON OF 
THE NITROGEN ATOM 

For each six-electron atom having a central charge of Z times that 
of the proton, there are two indistinguishable spin-paired electrons in an 
orbitsphere with radii r x and r 2 both given by Eq. (7.19) (Eq. (10.51)), two 
indistinguishable spin-paired electrons in an orbitsphere with radii r 3 and 
r 4 both given by Eq. (10.62), and two unpaired electrons is in an 
orbitsphere at r 6 given by Eq. (10.132). For Z£7, the next electron which 

binds to form the corresponding seven-electron atom is attracted by the 
central Coulomb field and is repelled by diamagnetic force due to the 
spin-paired inner electrons. A paramagnetic spin-paring force is also 
possible, but the force due to the spin-pairing of the electrons (Eq. (7.15) 
with the radius r 7 ) reduces the energy of the atom less than that due to 

the alternative forces on three unpaired p electrons in an orbitsphere at 
the same radius r 7 . The resulting electron configuration is Ly 2 2$ 2 2p\ and 

the orbital arrangement is 
2p state 

JL A 11 (10.134) 

1 0 -1 . 
corresponding . to the ground state 4 Sf /2 . 

The central Coulomb force acts on the outer electron to cause it to 

bind wherein this electric force on the outer-most electron due to the 

nucleus and the inner six electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 
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I 

I 

•*-2=Sk (.0.135) 
for r>r 6 . 

The energy is minimized with conservation of angular momentum 

when the angular momenta of the two orthogonal p x and p y electrons 

cancel such that the diamagnetic force (Eq. (10.82)), ^ dkmagnttie y is 



F 

diamagnetic 



•--(i)*^^ 7 * (10136) 



F„,=i-^-V5Fn)i. (10.137) 



corresponding to m = 0. 

From Eq. (10.89), F lfIfl ^ 2 corresponding to the orbital angular 

momentum of the p t electron is 

The outward centrifugal force on electron 7 is balanced by the 
electric force and the magnetic forces (on electron 7). The radius of the 

outer electron is calculated by equating the outward centrifugal force to 

the sum of the electric (Eq. (10.135)), diamagnetic (Eq. (10.136)), and 
paramagnetic (Eq. (10.137)) forces as follows: 

^ = (Z^__^ V ^^ + _^ V ^ TI5 (10.138) 
r 7 4ne o r; \2m t r,r 3 Z»V 7 r, 

ft 1 

Substitution of v 7 = (Eq. (1.56)) and s = — into Eq. (10.138) gives: 

m e r 7 2 

h 2 _(Z-6)e 2 h 2 (3 + tf,-- (10.139) 



m e r{ 47te o r{ ^2.m e r n r 3 » 4 Zm e r{r 3 V 4 

ft 2 



r, - 



7 (Z-6)e 2 ft 2 (3 



4ne o \2m t r 3 \ 4 Zm e r 3 V 4 





(10.140) 



r 7 = — j=- , r 3 in units of (10.141) 



Substitution of -2- = 0.69385 (Eq. (10.62) with Z = 7) into Eq. (10.141) gives 
r 7 = 0.93084a 0 (10.142) 

The ionization energy of the nitrogen atom is given by the electric 
energy, E(electric), (Eq. (10.102) with the radius, r 7 , given by Eq. (10.142)): 

E[ionization\ N) = -Electric Energy = (Z - 6)<? = 14.61664 eV (10.143) 

8flE e r 7 
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where r 7 =0.93084oo (Eq. (10.142)) and Z = 7. The experimental ionization 
energy of the nitrogen atom is 14.53414 eV [3]. 

THE IONIZATION ENERGIES OF SEVEN-ELECTRON ATOMS WITH A 
NUCLEAR CHARGE Z>7 

Seven-electron atoms having Z>7 possess an external electric field 
given by Eq. (10.92). In this case, an energy minimum is achieved with 
conservation of momentum when the orbital angular momentum is such 
that F diama gnetic i s minimized while F^ 2 is maximized. From Eq. (10.82), the 
diamagnetic force, F^ fl(nfl ^ /C , is given by the sum of the contributions from 
the p x> p y , and p t orbitals corresponding to m = 1, -1, and 0, respectively: 

w ~(H + ■ -(Ddk^ 1 ' ( 10 - 1 44) 

With Z>6, the charge induction forms complementary mirror 
charge-density waves such that the angular momenta do not cancel. 
From Eq. (10.89), V mag2 corresponding to the orbital angular momentum of 

the three p electrons in addition complementary charge-density waves is 
F«, 1 -2i-2^-V^m (10.145) 

The second diamagnetic force, F diamagMie29 due to the binding of the p- 

orbital electron having an electric field outside of its radius is given by 
Eq. (10.93): 

*™-{fE#-#)$W^, O0..46) 

In the case that Z>7, the radius of the outer electron is calculated 

by equating the outward centrifugal force to the sum of the electric (Eq. 

(10.135)), diamagnetic (Eqs. (10.10.144) and (10.146)), and paramagnetic 
(Eq. (10.145)) forces as follows: 

r 7 4ne 0 rj I2m e r?r 3 Zm e r i r » LZ-6J^ 2 )m e r 7 

(10.147) 

Substitution of v 7 = — (Eq. (1.56)) andi = ^ into Eq. (10.147) gives: 

m e r 7 2 

h 2 (Z-6)eV 5H 1 ff . 6ft 2 



I- + 



m e r* 4Jte o r? \2m e rjr 3 ^4 Zm t 

(10.148) 

The quadratic equation corresponding to Eq. (10.148) is 

-6)e 2 (5 6\ h 




47K„ 
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(10.149) 



r * 

( 



772 



h 2 

m 



(Z - 6)e 
4ne. 



(5 6\h 2 ftY 1 f (Z-6)e 2 (5 6) ft* /J^ 
ll2 Zjm e rj4) [ 4ke 0 (l2 Zjm.rJ*) 



The solution of Eq. (10.150) using the quadratic formula is: 



(10.150) 



m. 



( (Z-6)e 2 ( 5 6 "| ft 2 fpl 



ft 2 



m. 



(Z-6)e 2 f5 6^ ft 2 /J"! 



44 



r,10j| 



r, = 



( (Z - 6)e 2 _ f _5_ _ 6> i ft2 ID 

ll2 Z)m t r 3 ^4) 



\ 4n£ < 



(10.151) 



a. 



±*0 





r 7 = 



(10.152) 



r 3 Ot units ofa^ 

where r 3 is given by Eq. (10.62). The positive root of Eq. (10.152) must be 
taken in order that r 7 >0. The final radius of electron 7, r 7 , is given by Eq. 
(10.152); this is also the final radius of electrons 5 and 6. The radii of 
several seven-electron atoms are given in Table 10.5. 

The ionization energies for the seven-electron atoms with Z>7 are 
given by the electric energy, E{electric)> (Eq. (10.102) with the radii, r 7 , 

given by Eq. (10.152)): 

E(Ionization) = -Electric Energy = ^» — (10.153) 

Since the relativistic corrections were small, the nonrelativistic ionization 



I 
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energies for experimentally measured seven-electron atoms are given in 
Table 10.5. 



Table 10.5. Ionization energies for some seven-electron atoms 



7e Z 
Atom 



N 

O* 

F 2 * 

JVe 3+ 

Na 4 * 

Mg 5+ 

Al 6 * 

Si 7 * 

S 9 * 

a 10 * 

Ar"+ 
A" 2+ 

5c M+ 
7i ,s+ 

O l7+ 
Mn ,8+ 
Fe" + 
Co 20 * 
Ni 2> * 
Cu 22 * 



r 

8 
9 
10 
11 
12 

13 
14 

15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 



(<O a 



0.14605 
0.12739 

0.11297 

0.10149 

0.09213 

0.08435 

0.07778 
0.07216 

0.06730 
0.06306 
0.05932 
0.05599 
0.05302 
0.05035 
0.04794 
0.04574 
0.04374 
0.04191 
0.04022 
0.03867 
0.03723 
0.03589 
0.03465 



(a„) b 

0.69385 
0.59020 

0.51382 
0.45511 
0.40853 
0.37065 

0.33923 
0.31274 

0.29010 
0.27053 
0.25344 
0.23839 
0.22503 
0.21308 
0.20235 
0.19264 
0.18383 
0.17579 
0.16842 
0.16165 
0.15540 
0.14961 
0.14424 



0.93084 
0.78489 
0.67084 
0.57574 
0.50250 
0.44539 

0.39983 
0.36271 

0.33191 
0.30595 
0.28376 

0.26459 
0.24785 
0.233 1 1 

0.22003 
0.20835 
0.19785 
0.18836 
0.17974 
0.17187 
0.16467 
0.15805 
0.15194 



Theoretical 
Ionization 

Energies d 

(eV) 
14.61664 
34.6694 

60.8448 
94.5279 
135.3798 
183.2888 

238.2017 
300.0883 

368.9298 
444.7137 
527.4312 
617.0761 
713.6436 
817.1303 

927.5333 

1044.8504 

1169.0800 

1 300.2206 

1438.2710 

1583.2303 

1735.0978 

1893.8726 

2059.5543 



Experimental 
Ionization 

Energies e 

(eV) 
14.53414 
35.1173 

62.7084 
97.12 
138.4 
186.76 

241.76 
303.54 

372.13 
447.5 
529.28 
618.26 
714.6 
817.6 
927.5 

1044 

1168 

1299 

1437 

1582 

1735 

1894 

2060 



Relative 
Error f 



-0.0057 
0.0128 

0.0297 
0.0267 
0.0218 
0.0186 

0.0147 
0.01 14 

0.0086 

0.0062 

0.0035 

0.0019 

0.0013 

0.0006 

0.0000 

-0.0008 

-0.0009 

-0.0009 

-0.0009 

-0.0008 

-0.0001 

0.0001 

0.0002 



a Radius of the first set of paired inner electrons of seven-electron atoms from Eq. (10.51). 
D Radius of the second set of paired inner electrons of seven-electron atoms from Eq. (10.62). 
c Radius of the three unpaired paired outer electrons of seven-electron atoms from Eq. 
(10.152) for Z>7 and Eq. (10.142) for N. 

d Calculated ionization energies of seven-electron atoms given by the electric energy (Eq. 
(10.153)). 

6 From theoretical calculations, interpolation of isoelectronic and spectral series, and 
experimental data [2-3]. 

f (Experimental-theoreticalVexperimental. 



The agreement between the experimental and calculated values of 
Table 10.5 is well within the experimental capability of the spectroscopic 
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determinations including the values at large Z which relies on X-ray 
spectroscopy. In this case, the experimental capability is three to four 
significant figures which is consistent with the last column. The nitrogen 
atom isoelectronic series is given in Table 10.5 [2-3] to much higher 
precision than the capability of X-ray spectroscopy, but these values are 
based on theoretical and interpolation techniques rather than data alone. 
Ionization energies are difficult to determine since the cut-off of the 
Rydberg series of lines at the ionization energy is often not observed, and 
the ionization energy must be determined from theoretical calculations, 
interpolation of N isoelectronic and Rydberg series, as well as direct 
experimental data. 

EIGHT-ELECTRON ATOMS 

Eight-electron atoms can be solved exactly using the results of the 
solutions of one, two, three, four, five, six, and seven-electron atoms. 

RADIUS AND IONIZATION ENERGY OF AN OUTER ELECTRON OF 
THE OXYGEN ATOM 

For each seven-electron atom having a central charge of Z times 
that of the proton, there are two indistinguishable spin-paired electrons 
in an orbitsphere with radii r x and r 2 both given by Eq. (7.19) (Eq. 
(10.51)), two indistinguishable spin-paired electrons in an orbitsphere 
with radii r 3 and r 4 both given by Eq. (10.62), and three unpaired 

electrons is in an orbitsphere at r 7 given by Eq. (10.152). For Z>8, the 

next electron which binds to form the corresponding eight-electron atom 
is attracted by the central Coulomb field and is repelled by diamagnetic 
force due to the spin-paired inner electrons. A paramagnetic spin-paring 
force that results in the formation of a filled s orbital is also possible, but 
the force due to the spin-pairing of the electrons (Eq. (7.15) with the 
radius r 8 ) reduces the energy of the atom less than that . due to the 

alternative forces on two paired electrons in a p x orbital and two 

unpaired electrons in p z and p z orbitals of an orbitsphere at the same 

radius r 8 . The resulting electron configuration is ls 2 2s 2 2p 4 J and the orbital 

arrangement is 
2p state ■ 

T i JT T_ (10.154) 

10-1 
corresponding to the ground state *P 2 . 

The central Coulomb force acts on the outer electron to cause it to 
bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner seven electrons is given by Eq. (10.70) with the 
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appropriate charge and radius: 

F„. = <f^>i.. (10..55) 

for r>r 7 . 

The energy is minimized with conservation of angular momentum 
by the cancellation of the orbital angular momentum of a p x electron by 
that of the p y electron with the pairing of electron eight to fill the p x 

orbital. Then, the diamagnetic force is that of N given by Eq. (10.136) 
corresponding to the p 2 -orbital electron (Eq. (10.82) with m = 0) as the 
source of diamagnetism with an additional contribution from the 
uncanceled p x electron (Eq. (10.82) with m = l). for the oxygen 

atom is 

= -f~ + -1 H \ V^+I)ir = ^f - V5^+l)i r (10.156) 

From Eqs. (10.83) and (10.89), ¥ mag2 is 

F^ 2 =(l + l)^^^^i r = 7 -r^rV^ : l)i, (10.157) 

corresponding to the spin-angular-momentum contribution alone of the 
p x electron and the orbital angular momentum of the p z electron, 

respectively. 

The outward centrifugal force on electron 8 is balanced by the 
electric force and the magnetic forces (on electron 8). The radius of the 
outer electron is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (10.155)), diamagnetic (Eq. (10.156)), and 
paramagnetic (Eq. (10.157)) forces as follows: 

^ = ifz2^_^!_V^^ + -^V^(^l) (10.158) 

ft 1 
Substitution of v s = (Eq. (1.56)) and 5 = - into Eq. (10.158) gives: 

m A 2 
* <Z-7)e' ft* (10.159) 



m t 



(Z-7K ft /3 2ft' 




(10.160) 



47te o 4m,r 3 V 4 Zm,r 3 V 4 
r 8 = ^ f=, r 3 in units ofc^ (10.161) 
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Substitution of -^- = 0.59020 (Eq. (10.62) with Z = 8) into Eq. (10.161) gives 

r g = flb (10.162) 
The ionization energy of the oxygen atom is given by the negative 
of E(electric) given by Eq. (10.102) with the appropriate charge and radius: 

E{ionization\ O) = -Electric Energy = ( ^~ ?) * = 1 3.60580 eV (10.163) 

where % = (Eq. (10.162)) and Z = 8. The experimental ionization energy 
of the oxygen atom is 13.6181 eV [3], 

THE IONIZATION ENERGIES OF EIGHT-ELECTRON ATOMS WITH A 
NUCLEAR CHARGE Z>8 

Eight-electron atoms having Z>8 possess an external electric field 
given by Eq. (10.92). In this case, an energy minimum is achieved with 
conservation of momentum when the orbital angular momentum is such 
that ^ amagnettc is minimized while F^ 2 is maximized. From Eq. (10.82), the 

diamagnetic force, ¥ diamagnetic , is given by the sum of the contributions from 

the p x9 p y9 and p z orbitals corresponding to m = 1, -1, and 0, respectively: 

W ~(f+f+ W. = {l)j£fr^* < 1 °- 1 64 > 

The filled p orbitals with the maintenance of symmetry according 
to Eq. (10.72) requires that the diamagnetic force is only due to the 
electrons at r 3 . From Eqs. (10.84) and (10.89), F^ 2 is 

F^ 2 =(4 + 1 + 1)1-^^^^ (10.165) 

Z m e r 8 r 3 Z m e r s r 3 

corresponding to the spin and orbital angular momenta of the paired p x 

electrons and the orbital angular momentum of each of the p y and p z 

electrons, respectively. 

The second diamagnetic force, F diamagnetic2J due to the binding of the p- 

orbital electron having an electric field outside of its radius is given by 
Eq. (10.93): 

F^^-^.^j^.o^,, (10.166) 

In the case that Z>8, the radius of the outer electron is calculated 
by equating the outward centrifugal force to the sum of the electric (Eq. 
(10.155)), diamagnetic (Eqs. (10.164) and (10.166)), and paramagnetic 
(Eq. (10.165)) forces as follows: 

m e vl (Z - 7)g 2 5ft 2 
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(10.167) 



Substitution of (Eq. (1.56)) and s = ^ into Eq. (10.167) gives: 



m e r 6 



(Z-7)e 2 5ftj 



m e rj 4lt£ 0 r 2 12m,r 8 2 /j"V4 Zm 



6ti 



The quadratic equation corresponding to Eq. (10.168) is 

f ( z - 7 )g - j A . 6 >) jru . * rz^r, . 10 g 

I 4*E 0 U2 Z)m e r 3 y4) 8 m e 8 LZ-7_R, 2 J m e V4 



(10.168) 



(10.169) 



ft 2 




(z-7y 

4^ 



m,r 3 ^4 ) ( 



(Z-7)e 



47CE. 



— I 1 ! 



= 0 



The solution of Eq. (10.170) using the quadratic formula is: 



(10.170) 



r 8 





( # Y 




Uz-l)e 2 (5 6> ft 2 13] 
[{ 4ne 0 ll2 z)m e rj4)) 


({Z-l)e 2 f 5 6\h 2 fJ} 


„ mi>-iw< 


{ 47te o ll2 Z)m e r^A) ^ 


f(Z-7)e 2 (5 6}h 2 ft} 
{ 4ne o ll2 Zjm t r 3 l4) 



(10.171) 



±a. 





(10.172) 
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where r 3 is given by Eq. (10.62). The positive root of Eq. (10.172) must be 

taken in order that r B >0. The final radius of electron 8, r 8 , is given by Eq. 

(10.172); this is also the final radius of electrons 5, 6, and 7. The radii of 
several eight-electron atoms are given in Table 10.6. 

The ionization energies for the eight-electron atoms with Z>8 are 
given by the electric energy, E(electric), (Eq. (10.102) with the radii, r 8 , 

given by Eq. (10.172)): 

E{Ionization) = -Electric Energy = (Z ~ 7)e (10.173) 

8/re o r 8 

Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured eight-electron atoms are given in 
Table 10.6. 
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8e 


z 


Atom 




O 


8 


F* 




Ne 2+ 


in 


_ _ « . 






1 z 


A/ s+ 


13 


Si* + 


14 


pi* 


15 


s*+ 


16 


CI 9 * 


17 


Ar w * 


18 


K"* 


19 


Ca n * 


20 


5c 13+ 


21 


Ti u * 


22 




23 


Cr l6+ 


24 


Mn"* 


25 


Fe ia * 


26 


Co' 9 * 


27 


Ni 20 * 


28 


Cu 21 * 


29 



a 



0.12739 
0.11297 

0.10149 
0.09213 
0.08435 

0.07778 
0.07216 
0.06730 
0.06306 
0.05932 

0.05599 
0.05302 
0.05035 
0.04794 
0.04574 
0.04374 
0.04191 
0.04022 
0.03867 
0.03723 
0.03589 
0.03465 



0.59020 
0.51382 
0.45511 

0.40853 
0.37065 

0.33923 
0.31274 

0.29010 
0.27053 
0.25344 

0.23839 
0.22503 
0.21308 
0.20235 
0.19264 
0.18383 
0.17579 
0.16842 
0.16165 
0.15540 
0.14961 
0.14424 



(<O c 



•HIM. 



1.01 
0.7649 
0.6514 

0.5592 
0.4887 

0.4338 
0.3901 

0.3543 
0.3247 
0.2996 
0.2782 
0.2597 
0.2434 
0.2292 
0.2165 
0.2051 
0. 1 949 
0.1857 
0.1773 
0.1696 
0.1626 
0.1561 



Theoretical 
Ionization 

Energies d 

(eV) 
13.60580 
35.5773 
62.6611 
97.3147 
139.1911 

188.1652 
244.1735 

307.1791 

377.1579 

454.0940 

537.9756 

628.7944 

726.5442 

831.2199 

942.8179 

1061.3351 

1186.7691 

1319.1179 

1458.3799 

1604.5538 

1757.6383 

1917.6326 



Experimental 
Ionization 

Energies e 

(eV) 
13.6181 
34.9708 

63.45 

98.91 

141.27 

190.49 
246.5 

309.6 
379.55 
455.63 
538.96 

629.4 

726.6 

830.8 

941.9 

1060 

1185 

1317 

1456 

1603 

1756 

1916 



Relative 
Error f 



0.0009 
-0.0173 
0.0124 

0.0161 

0.0147 

0.0122 
0.0094 

0.0078 

0.0063 

0.0034 

0.0018 

0.0010 

0.0001 

-0.0005 

-0.0010 

-0.0013 

-0.0015 

-0.0016 

-0.0016 

-0.0010 

-0.0009 

-0.0009 



a Radius of the first set of paired inner electrons of eight-electron atoms from Eq. (10.51). 
b Radius. of the second set of paired inner electrons of eight-electron atoms from Eq. (10.62). 
c Radius of the two paired and two unpaired outer electrons of eight-electron atoms from Eq. 
(10.172) for Z>8 and Eq. (10.162) for O. 

d Calculated ionization energies of eight-electron atoms given by the electric energy (Eq. 
(10.173)). 

e From theoretical calculations, interpolation of isoelectronic and spectral series, and 
experimental data [2-3]. 

f (Experimental-theoreticaiyexperimental. 

The agreement between the experimental and calculated values of 
Table 10.6 is well within the experimental capability of the spectroscopic 
determinations including the values at large Z which relies on X-ray 
spectroscopy. In this case, the experimental capability is three to four 
significant figures which is consistent with the last column. The oxygen 
atom isoelectronic series is given in Table 10.6 [2-3] to much higher 
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precision than the capability of X-ray spectroscopy, but these values are 
based on theoretical and interpolation techniques rather than data alone. 
Ionization energies are difficult to determine since the cut-off of the 
Rydberg series of lines at the ionization energy is often not observed, and 
the ionization energy must be determined from theoretical calculations, 
interpolation of O isoelectronic and Rydberg series, as well as direct 
experimental data. 

NINE-ELECTRON ATOMS 

Nine-electron atoms can be solved exactly using the results of the 
solutions of one, two, three, four, five, six, seven, and eight-electron 
atoms. 

RADIUS AND IONIZATION ENERGY OF AN OUTER ELECTRON OF 
THE FLUORINE ATOM 

For each eight-electron atom having a central charge of Z times 
that of the proton, there are two indistinguishable spin-paired electrons 
in an orbitsphere with radii r x and r 2 both given by Eq. (7.19) (Eq. 
(10.51)), two indistinguishable spin-paired electrons in an orbitsphere 
with radii r 3 and r 4 both given by Eq. (10.62), and two paired and 
unpaired electrons is in an orbitsphere at r 8 given by Eq. (10.172). For 

Z>9, the next electron which binds to form the corresponding nine- 
electron atom is attracted by the central Coulomb field and is repelled by 
diamagnetic force due to the spin-paired inner electrons. A paramagnetic 
spin-paring force that results in the formation of a filled s orbital is also 
possible, but the force due to the spin-pairing of the electrons (Eq. (7.15) 
with the radius r 9 ) reduces the energy of the atom less than that due to 
the alternative forces on an unpaired electron in a p y orbital and two 
pairs of electrons of opposite spin in p x and p z orbitals of an orbitsphere 
at the same radius r 9 . The resulting electron configuration is ls 2 2s 2 2p s 9 
and the orbital arrangement is 



1 0 -1 
corresponding to the ground state 2 P^ f2 . 

The central Coulomb force acts on the outer electron to cause it to 
bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner eight electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 




(10.174) 




(10.175) 



F 

diamagnetic 
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for r>r 8 . 

The energy is minimized and the angular momentum is conserved 
with the pairing of electron nine to fill the p z orbital when the orbital 
angular momenta of each set of p x and p z spin-paired electrons adds 
negatively to cancel. Then, the diamagnetic force (Eq. (10.82)), F rfiomflgn(rffc , is 

= ^T]7^^ 7T1 ^ i - (10.176) 
\3J4m e r 9 *% 

corresponding to m = -l for the unpaired p y electron. 
From Eqs. (10.83) and (10.89), is 

F^2^1 + 1 + 1)^^V^^ (10.177) 

Z m e r 9 r$ £ m e r 9 r i 

corresponding to the spin-angular-momentum contribution alone from 

each of the p x and p z orbitals and the orbital-angular-momentum 

contribution of the p z electron, respectively. 

The outward centrifugal force on electron 9 is balanced by the 
electric force and the magnetic forces (on electron 9). The radius of the 
outer electron is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (10.175)), diamagnetic (Eq. (10.176)), and 
paramagnetic (Eq. (10.177)) forces as follows: 

^ = (fz^_^!^V^(^ + ^l_V^Tl) (10.178) 

ft 1 
Substitution of v 9 = (Eq. (1.56)) and 5 = - into Eq. (10.178) gives: 

m e r 9 2 
J>L = (|zS£l_^,f| + ^,(I (10 .179) 



m e r 9 47T£ 0 r 9 6m e r 9 r 3 v 4 Zm e r 9 r 3 V 4 



m e 

r a = 



9 (Z-8)g 2 h 2 [3 i 3ft 



(10.180) 



Aize o 6m e r 3 V 4 Zm e r 3 V 4 
r 9 = 2a _ f /- 3 in units of a 0 (10.181) 

< z - 8 >-(i-f)t 

Substitution of -^- = 0.51382 (Eq. (10.62) with Z = 9) into Eq. (10.181) gives 

r 9 = 0.78069oo (10.182) 

The ionization energy of the fluorine atom is given by the negative 

of E(electric) given by Eq. (10.102) with the appropriate charge and radius: 



• 
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E(ionization; F) = -Electric Energy = <^~ 8)g = 17.42782 eV (10.183) 

%7te o r 9 

where r 9 =0.78069^ (Eq. (10.183)) and Z = 9. The experimental ionization 
energy of the fluorine atom is 17.42282 eV [3]. 

THE IONIZATION ENERGIES OF NINE-ELECTRON ATOMS WITH A 
NUCLEAR CHARGE Z>9 

Nine-electron atoms having Z>9 possess an external electric field 
given by Eq. (10.92). In this case, an energy minimum is achieved with 
conservation of momentum when the orbital angular momentum is such 
that F,^^ is minimized while F^ 2 is maximized. From Eq. (10.82), the 

diamagnetic force, V diamagnetic9 is given by the sum of the contributions from 

the p x , p y> and p z orbitals corresponding to m = 1, -1, and 0, respectively: 

The filled p orbitals with the maintenance of symmetry according 
to Eq. (10.72) requires that the diamagnetic force is only due to the 
electrons at r 3 . From Eqs. (10.84) and (10.89), F mfli?2 is 

F«. 2 = (4 + 4 + ol-JL-^lJi, = ^-^-^T)K (10.185) 

Z m e r 9 r 3 £ m e r 9 r 3 

corresponding to the spin and orbital angular momenta of the paired p x 
and p z electrons and the orbital angular momentum of the unpaired p y 

electron, respectively. 

The second diamagnetic force, F <Comfl4nfl ; c2 , due to the binding of the p- 

orbital electron having an electric field outside of its radius is given by 
Eq. (10.93): 

In the case that Z>9, the radius of the outer electron is calculated 
by equating the outward centrifugal force to the sum of the electric (Eq. 
(10.175)), diamagnetic (Eqs. (10.184) and (10.186)), and paramagnetic 
(Eq. (10.185)) forces as follows: 

rnvl (Z-8)c 2 5ft 2 r- f ^ 9ft 2 n—m rZ-'Yi V2"> r 3 ft 2 1A n —jr 

r 9 4n£„r 9 2 12m/,V 3 ZmX'j LZ-8J^ 2 )m e r 9 

(10.187) 

Substitution of v 9 = — (Eq. (1.56)) and 5 = ^ into Eq. (10.187) gives: 



ft 2 (Z-8)e* 5ft 2 13 } 9ft 
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The quadratic equation corresponding to Eq. (10.188) is 



( 



(Z - 8)e : 

4«E_ 



(l2 zimsMy* «/* [z-U 1 



V2 V*ft : 



2 ,1 m f 



10j-=0 



r 2 _ 
r 9 



h 

m 



,LZ-8J, 2 J 



(10.189) 



klOJ- 



( 



(Z - 8)e 
4/ce 



f 5 9^ h 2 ffY 9 f (Z-8)e 2 (5 9\h 2 fT\ 
U2 Z)m e r^A) \ 4ne o (l2 z)m e r 3 i4) 



= 0 



The solution of Eq. (10.190) using the quadratic formula is: 



(10.190) 



r 9 





r t_ Y 


n 2 


((Z-8)e 2 f5 9^ ft 2 (3""! 
4**, ll2 Z)m e rj4)) 


f(Z-8)e 2 (5 9}h 2 fT| 






f(Z-8)e 2 f 5 9"| /i 2 [3^ 
{ 4ne a U2 zJm,r 3 "V4j 



(10.191) 



r 9 = 





( V 















(10.192) 



/j in units ofa 0 

where r 3 is given by Eq. (10.62). The positive root of Eq. (10.192) must be> 
taken in order that r 9 >0. The final radius of electron 9, r 9 , is given by Eq. 
(10.192); this is also the final radius of electrons 5, 6,7, and 8. The radii 
of several nine-electron atoms are given in Table 10.7. 

The ionization energies for the nine-electron atoms with Z>9 are 
given by the electric energy, E(electric), (Eq. (10.102) with the radii, r 9 , 
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given by Eq. (10.192)): 

E(Ionization) = —Electric Energy = 



(Z 8)g2 (10.193) 



%ne 0 r 9 



Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured nine-electron atoms are given in 
Table 10.7. 



i 
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9e 


z 


Atom 




F 


9 


Ne+ 


i n 

1U 


Na 2 * 


1 1 


Mg 3 * 


i o 


Al** 


13 


Si s * 


14 




15 


s 1 * 


16 


ci s * 


17 


Ar 9 * 


18 


K 10 * 


19 


Ca n * 


20 


Sc n * 


21 


Ti n * 


22 




23 


Cr ,3+ 


24 


Mn"* 


25 


Fe"* 


26 


Co'** 


27 


m ,9+ 


28 


Cu 20 * 


29 



0.11297 
0.10149 

0.09213 

0.08435 

0.07778 
0.07216 
0.06730 
0.06306 
0.05932 
0.05599 
0.05302 
0.05035 
0.04794 
0.04574 
0.04374 
0.04191 
0.04022 
0.03867 
0.03723 
0.03589 
0.03465 



0.51382 
0.45511 

0.40853 

0.37065 

0.33923 
0.31274 
0.29010 
0.27053 
0.25344 
0.23839 
0.22503 
0.21308 
0.20235 
6.19264 
0.18383 
0.17579 
0.16842 
0.16165 
0.15540 
0.14961 
0.14424 



r 9 

(«„) c 

0.78069 
0.64771 

0.57282 
0.50274 

0.44595 

0.40020 

0.36283 

0.33182 

0.30571 

0.28343 

0.26419 

0.24742 

0.23266 

0.21957 

0.20789 

0.19739 

0.18791 

0.17930 

0.17145 

0.16427 

0.15766 



Theoretical 
Ionization 

Energies d 

(eV) 
17.42782 
42.0121 

71.2573 

108.2522 

152.5469 

203.9865 

262.4940 

328.0238 

400.5.466 

480.0424 

566.4968 

659.8992 

760.2415 

867.5176 

981.7224 

1 102.8523 

1230.9038 

1365.8746 

1507.7624 

1656.5654 

1812.2821 



Experimental 
Ionization 

Energies e 

(eV) 
17.42282 
40.96328 

71.62 

109.2655 

153.825 
205.27 
263.57 
328.75 

400.06 
478.69 
564.7 
657.2 
756.7 
863.1 

976 

1097 

1224 

1358 
1504.6 

1648 

1804 



Relative 
Error* 



-0.0003 
-0.0256 

0.0051 

0.0093 

0.0083 

0.0063 

0.0041 

0.0022 

-0.0012 

-0.0028 

-0.0032 

-0.0041 

-0.0047 

-0.0051 

-0.0059 

-0.0053 

-0.0056 

-0.0058 

-0.0021 

-0.0052 

-0.0046 



a Radius of the first set of paired inner electrons of nine-electron atoms from Equation 
(10.51). 

D Radius of the second set of paired inner electrons of nine-electron atoms from Equation 
(10.62). 

c Radius of the one unpaired and two sets of paired outer electrons of nine-electron atoms 
from Eq. (10.192) for Z>9 and Eq. (10.182) for F. 

d Calculated ionization energies of nine-electron atoms given by the electric energy (Eq. 
(10.193)). 

6 From theoretical calculations, interpolation of isoelectronic and spectral series, and 

experimental data [2-3]. 
f ^y^ nmentat-theoreticall/experimental. 



The agreement between the experimental and calculated values of 
Table 10.7 is well within the experimental capability of the spectroscopic 
determinations including the values at large Z which relies on X-ray 
spectroscopy. In this case, the experimental capability is three to four 
significant figures which is consistent with the last column. The fluorine 
atom isoelectronic series is given in Table 10.7 [2-3] to much higher 
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precision than the capability of X-ray spectroscopy, but these values are 
based on theoretical and interpolation techniques rather than data alone. 
Ionization energies are difficult to determine since the cut-off of the 
Rydberg series of lines at the ionization energy is often not observed, and 
the ionization energy must be determined from theoretical calculations, 
interpolation of F isoelectronic and Rydberg series, as well as direct 
experimental data. 

TEN-ELECTRON ATOMS 

Ten-electron atoms can be solved exactly using the results of the 
solutions of one, two, three, four, five, six, seven, eight, and nine-electron 
atoms. 

RADIUS AND IONIZATION ENERGY OF AN OUTER ELECTRON OF 
THE NEON ATOM 

For each nine-electron atom having a central charge of Z times that 
of the proton, there are two indistinguishable spin-paired electrons in an 
orbitsphere with radii r x and r 2 both given by Eq. (7.19) (Eq. (10.51)), two 
indistinguishable spin-paired electrons in an orbitsphere with radii r 3 and 
r 4 both given by Eq. (10.62), and two sets of paired and an unpaired 
electron is in an orbitsphere at r 9 given by Eq. (10.192). For Z>10, the 

next electron which binds to form the corresponding ten-electron atom is 
attracted by the central Coulomb field and is repelled by diamagnetic 
force due to the spin-paired inner electrons. A paramagnetic spin-paring 
force that results in the formation of a filled s orbital is also possible, but 
the force due to the spin-pairing of the electrons (Eq. (7.15) with the 
radius r w ) reduces the energy of the atom less than that due to the 

alternative forces on three pairs of electrons of opposite spin in p x9 p y , 
and p z orbitals of an orbitsphere at the same radius r 10 . The resulting 
electron configuration is l5 2 2j 2 2p 6 , and the orbital arrangement is 



1 0 -1 
corresponding to the ground state l S 0 . 

The central Coulomb force acts on the outer electron to cause it to 
bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner nine electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 



2p state 

T IT i t 4 



(10.194) 




(10.195) 



for r>r 9 . 
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The energy is minimized and the angular momentum is conserved 
with the pairing of electron ten to fill the p y orbital when the orbital 

angular momenta of each set of the p x , p r and p z spin-paired electrons 

add negatively to cancel. Then, the diamagnetic force (Eq. (10.82)), 

^^=0 (10.196) 
From Eq. (10.83), is 

F«iog2 =(1 + 1 + l)^-^-V^n)i r = i-^-V^+Oi, (10.197) 

corresponding to the spin-angular-momentum contribution alone from 
each of the p x9 p yJ and p z orbitals. 

The outward centrifugal force on electron 10 is balanced by the 
electric force and the magnetic forces (on electron 10). The radius of the 
outer electron is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (10.195)), diamagnetic (Eq. (10.196)), and 
paramagnetic (Eq. (10.197)) forces as follows: 

= (Z - 9)e 2 + _J^^~^ (10.198) 

Substitution of v l0 =— ^- (Eq. (1.56)) and s = \ into Eq. (10.198) gives: 



2 ,g-y + 11 ' (10.199) 



*2 



_ _ 1 



10 (Z-9)e 2 3ti 



47te o Zm t r 3 V 4 




(10.200) 



/j 0 = ^ Kj in units of^ (10.201) 




(Z-9)4M 
Z r 3 

Substitution of -^- = 0.45511 (Eq. (10.62) with Z = 10) into Eq. (10.201) gives 

r m = 0.63659oo (10.202) 
The ionization energy of the neon atom is given by the negative of 
E(electric) given by Eq. (10.102) with the appropriate charge and radius: 

E(ionization; Ne) = -Electric Energy = ( f - 9)e = 2 1 .37296 e V (10.203) 

where r i0 = 0.63659a,, (Eq. (10.202)) and Z = 10. The experimental ionization 
energy of the neon atom is 21.56454 eV [3]. 
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THE IONIZATION ENERGIES OF TEN-ELECTRON ATOMS WITH A 
NUCLEAR CHARGE Z>10 

Ten-electron atoms having Z>10 possess an external electric field 
given by Eq. (10,92). In this case, an energy minimum is achieved with 
conservation of momentum when the orbital angular momentum is such 
that V diamagfUiie is minimized while F ffttrs2 is maximized. From Eq. (10.82), the 

diamagnetie force, F^^, is given by the sum of the contributions from 

the p xJ p y9 and p t orbitals corresponding to m = 1, -1, and 0, respectively: 

F^ = -(f + | + i)^^i.=-{f)^V^T).. (10.204) 

The filled p orbitals with the maintenance of symmetry according 
to Eq. (10.72) requires that the diamagnetie force is only due to the 
electrons at r 3 . From Eq. (10.84), F^j is 

F^ g2 =(4 + 4 + 4)i-V^^ (10.205) 

corresponding to the spin and orbital angular momenta of the paired p x , 

p y9 and p z electrons. 

The second diamagnetie force, F diamagnetic29 due to the binding of the p- 

orbital electron having an electric field outside of its radius is given by 
Eq. (10.93): 

F_ =^|.^)^10^, 00.206) 

In the case that Z>10, the radius of the outer electron is calculated 
by equating the outward centrifugal force to the sum of the electric (Eq. 
(10.195)), diamagnetie (Eqs. (10.204) and (10.206)), and paramagnetic 
(Eq. (10.205)) forces as follows: 



(10.207) 

ft _ „ . 1 



Substitution of v l0 = (Eq. (1.56)) and 5 = - into Eq. (10.207) gives: 

(Z-9)e 2 5ft 2 (3 12ft 



m e r io 47C£ o r \o 12m ff /5 0 r 3 V4 Zm t _ ^ ^ , . 

(10.208) 

The quadratic equation corresponding to Eq. (10.208) is 

(10.209) 
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m. 



h 2 

m 



r to~ 
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(Z-9y 
47te„ 



(5 12 W flY 10 ( (Z-9)e 2 f 5 12\ h 2 W\ 



= 0 



The solution of Eq. (10.210) using the quadratic formula is: 



(10.210) 



m. 



( 



(Z - 9)e- 



U2 Z)m e r^4) 



ti- 



nt. 



\2 



( (Z-9)e 2 ( 5 Yl\ h 2 [3\ 
X 4ne 0 ll2 Z)m e r^4) J 



1o 



f (Z-9)e 2 (5 \2\ ft 
{ 4ne a U2 Z)m 



(10.211) 





1o = 



(10.212) 



r 3 in units ofa 0 

where r 3 is given by Eq. (10.62). The positive root of Eq. (10.212) must be 

taken in order that r lo >0. The final radius of electron 10, r 10 , is given by 

Eq. (10.62); this is also the final radius of electrons 5, 6, 7, 8, and 9. The 
radii of several ten-electron atoms are given in Table 10.8. 

The ionization energies for the ten-electron atoms with Z>10 are 
given by the electric energy, E(electric) 9 (Eq. (10.102) with the radii, r I0 , 

given by Eq. (10.212)): 



(2 — 9)e 

E(Ionization) = —Electric Energy = 



(10.213) 



Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured ten-electron atoms are given in 
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Table 10.8. 



Table 10.8. Ionization energies 



lOe Z 

Atom ( j. ( t b 



ten-electron atoms. 



Ne 


10 


Na* 


11 


Mg 2 * 


12 


Al 3 * 


13 


Si** 


14 


P 5 * 


15 


S 6 * 


16 


CI 1 * 


17 


Ar** 


18 


K 9 * 


19 


Ca t0 * 


20 


Sc"* 


21 


7i ,2+ 


22 




23 


Cr ,4+ 


24 


Mn 15 * 


25 


Fe ,e * 


26 


Co"* 


27 


M ,8+ 


28 


C«' 9+ 


29 


Zn 20 * 


30 



0.10149 
0.09213 

0.08435 

0.07778 
0.07216 

0.06730 
0.06306 
0.05932 
0.05599 
0.05302 
0.05035 
0.04794 
0.04574 
0.04374 
0.04191 
0.04022 
0.03867 
0.03723 
0.03589 
0.03465 
0.03349 



0.45511 
0.40853 

0.37065 

0.33923 
0.31274 

0.29010 
0.27053 
0.25344 

0.23839 
0.22503 
0.21308 
0.20235 
0.19264 
0.18383 
0.17579 
0.16842 
0.16165 
0.15540 
0.14961 
0.14424 
0.13925 



for some 



0.63659 
0.560945 

0.510568 

0.456203 
0.409776 

0.371201 
0.339025 
0.311903 
0.288778 
0.268844 
0.251491 
0.236251 
0.222761 
0.210736 
0.19995 
0.19022 
0.181398 
0.173362 
0.166011 
0.159261 
0.153041 



Theoretical 
Ionization 

Energies d 

(eV) 
21.37296 
48.5103 

79.945 1 

1 19.2960 
166.0150 
219.9211 
280.9252 

348.9750 

424.0365 

506.0861 

595.1070 

691.0866 

794.0151 

903.8853 

1020.6910 

1 144.4276 

1275.0911 

1412.6783 

1557.1867 

1708.6139 

1866.9581 



Experimental 
Ionization 

Energies e 

(eV) 
21.56454 
47.2864 

80. 1437 

119.992 
166.767 
220.421 
280.948 
348.28 
422.45 
503.8 
591.9 
687.36 
787.84 

896 
1010.6 
1134.7 

1266 
1397.2 

1541 

1697 

1856 



Relative 
Error f 

0.00888 
^0.0259 

0.0025 

0.0058 

0.0045 

0.0023 
0.0001 

-0.0020 
-0.0038 
-0.0045 
-0.0054 
-0.0054 
-0.0078 
-0.0088 
-0.0100 
-0.0086 
-0.0072 
-0.01 1 1 
-0.0105 
-0.0068 
-0.0059 



a Radius of the first set of paired inner electrons of ten-electron atoms from Equation 
(10.51). 

b Radius of the second set of paired inner electrons of ten-electron atoms from Equation 
(10.62). 

c Radius of three sets of paired outer electrons of ten-electron atoms from Eq. (10.212)) for 
Z>10 and Eq. (10.202) for Ne. 

d Calculated ionization energies of ten-electron atoms given by the electric energy (Eq. 
(10.213)). 

e From theoretical calculations, interpolation of isoelectronic and spectral series, and 

experimental data (2-3). 
f (ExDerimen tal-theoreticalVexperimental. : 



The agreement between the experimental and calculated values of 
Table 10.8 is well within the experimental capability of the spectroscopic 
determinations including the values at large Z which relies on X-ray 
spectroscopy. In this case, the experimental capability is three to four 
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significant figures which is consistent with the last column. The neon 
atom isoelectronic series is given in Table 10.8 [2-3] to much higher 
precision than the capability of X-ray spectroscopy, but these values are 
based on theoretical and interpolation techniques rather than data alone. 
Ionization energies are difficult to determine since the cut-off of the 
Rydberg series of lines at the ionization energy is often not observed, and 
the ionization energy must be determined from theoretical calculations, 
interpolation of Ne isoelectronic and Rydberg series, as well as direct 
experimental data. 

GENERAL EQUATION FOR THE IONIZATION ENERGIES OF FIVE 
THROUGH TEN-ELECTRON ATOMS 

Using the forces given by Eqs. (10.70), (10.82-10.84), (10.89), 
(10.93), and the radii r 3 given by Eq. (10.62), the radii of the 2p electrons 
of all five through ten-electron atoms may be solved exactly. The electric 
energy given by Eq. (10.102) gives the corresponding exact ionization 
energies. A summary of the parameters of the equations that determine 
the exact radii and ionization energies of all five through ten-electron 
atoms is given in Table 10.9. 

F ete and F diamagnetic 2 given by Eqs. (10.70) and (10.93), respectively, are 

of the same form for all atoms with the appropriate nuclear charges and 
atomic radii. F dkimagnetic given by Eq. (10.82) and F^ 2 given by Eqs. (10.83- 

10.84) and (10.89) are of the same form with the appropriate factors that 
depend on the electron configuration wherein the electron configuration 
must be a minimum of energy. 

For each n-electron atom having a central charge of Z times that of 
the proton and an electron configuration ls 2 2s 2 2p n " A y there are two 
indistinguishable spin-paired electrons in an orbitsphere with radii r t and 
r 2 both given by Eq. (7.19) and (10.51): 



two indistinguishable spin-paired electrons in an orbitsphere with radii r 3 
and r 4 both given by Eq. (10.62): 




(10.214) 



Z-l Z(Z-l) 
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890 * 



r 4 = r 3 



«0 


f. £1 

z 








z 

< J 


2 


( [3] 




2 ■ ■ 


s. > 



r, in units ofa c 

(10.215) 

where r } is given by Eq. (10.214), and n-4 electrons in an orbitsphere 
with radius r n given by 



H-'»-(f-JL)f) 





r„ = 



(10.216) 



r 3 in units of 

where r 3 is given by Eq. (10.215), the parameter A given in Table 10.9 

corresponds to the diamagnetic force, F^^^, (Eq. (10.82)), and the 

parameter B given in Table 10.9 corresponds to the paramagnetic force, 
F ™*2 (Eqs. (10.83-10.84) and (10.89)). The positive root of Eq. (10.216) 

must be taken in order that r„>0. The radii of several n-electron atoms 

are given in Tables 10.3-10.8. 

The ionization energy for the boron atom is given by Eq. (10.104). 
The ionization energies for the n-electron atoms are given by the 
negative of the electric energy, E(electric) y (Eq. (10.102) with the radii, r n9 

given by Eq. (10.216)): 

(10.217) 



»w - x ■ r, (Z-(n-l))e 2 

E(lonizatiori) = —Electric Energy = — 

S7C€r 



on 



Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured n-electron atoms are given by Eqs. 
(10.217) and (10.216) in Tables 10.3-10.8. 
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Table 10.9, Summary of the parameters of five through ten-electron 
-'atoms. 

Atom Type Electron Ground Orbital Diamagnetic Paramagnetic 

Configuration State Arrangement Force Force 

Term a of Factor Factor 

2p Electrons a b g c 

(2p state) 



Neutral 5 e Atom 
B 


Is 2 


2s 2 2p x 


2 p0 
^1/2 


T 




* 

-1 


2 


0 








l 


0 






iNeutrai o e Atom 


Is 2 


2s 2 2p 2 


P 


T 


T 




Z 




C 






l 


0 


-1 




0 


Neutral 7 e Atom 


Is 2 


2s 2 2 p 3 


4 «0 
°3/2 


t 


T 


t 


1 


1 










0 


-1 












l 






Neutral 8 e Atom 


\s 2 


2s 2 2 p 4 


*2 


t i 


T 


T 






O 






1 


0 


- i 


1 


2 












Neutral 9 e Atom 


Is 2 


2s 2 2 p 5 


2p0 
'3/2 


t 4. 


T i 


T 


2 


-J 










l 


0 


-l 


3 




Neutral 10 e Atom 


Is 2 


2s 2 2p 6 




t i 


r i 


T i 


0 










0 




3 










l 


-l 




5 e Ion 


Is 2 


2s 2 2p x 


2p0 
*l/2 


T 






5 












l 


0 


-l 


3 


1 


6e Ion 


Is 2 


2s 2 2 p 2 


3p 


t 


t 




5 










l 


0 


-l 


3 


4 


7 e Ion 


Is 2 


2s 2 2 p 3 


4^ 
°3/2 


t 


t 


T 


5 












l 


0 


-l 


3 


6 


8 e Ion 


Is 2 


2s 2 2 p 4 


*2 


T I 


T 


t 


5 












l 


0 


-l 


3 


6 


9e Ion 


is 2 


2s 2 2 p 5 


2 p 0 

'3/2 


T 1 


T i 


T 


5 










i 


0 


-l 


3 


9 


10 e Ion 


Is 2 


2s 2 2 p 6 




T i 
l 


r i 

0 


T i 
-l 


. 5 
3 


12 



a The theoretical ground state terms match those given by NIST [8]. 
b Eq. (10.82). 

c Eqs. (10.83-10.84) and (10.89). 



I 
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ELEVEN-ELECTRON ATOMS 

Eleven-electron atoms can be solved exactly using the results of the 
solutions of one, two, three, four, five, six, seven, eight, nine, and ten- 
electron atoms. 

RADIUS AND IONIZATION ENERGY OF THE OUTER ELECTRON OF 
THE SODIUM ATOM 

For each ten-electron atom having a central charge of 2 times that 
of the proton, there are two indistinguishable spin-paired electrons in an 
orbitsphere with radii r t and r 2 both given by Eq. (7.19) (Eq. (10.51)), two 
indistinguishable spin-paired electrons in an orbitsphere with radii /- 3 and 
r A both given by Eq. (10.62), and three sets of paired electrons in an 
orbitsphere at r l0 given by Eq. (10.212). For Z>11, the next electron 
which binds to form the corresponding eleven-electron atom is attracted 
by the central Coulomb field and is repelled by diamagnetic forces due to 
the 3 sets of spin-paired inner electrons such that it forms and unpaired 
orbitsphere at radius r n . 

The central Coulomb force acts on the outer electron to cause it to 
bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner ten electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 

F g/g = {Z ~\ 0) f K (10.218) 

for r>r l0 . 

The spherically symmetrical closed 2p shell of eleven-electron 
atoms produces a diamagnetic force, F <fcimfl ^ /fc , that is equivalent to that of 

a closed s shell given by Eq. (10.11) with the appropriate radii. The inner 
electrons remain at their initial radii, but cause a diamagnetic force 
according to Lenz's law that is 

In addition to the spin-spin interaction between electron pairs, the 
three sets of 2p electrons are orbitally paired. The single s orbital of the 
sodium atom produces a magnetic field at the position of the three sets of 
spin-paired 2p electrons. In order for the electrons to remain spin and 
orbitally paired, a corresponding diamagnetic force, V dioaagnet fc 3 , " on electron 

eleven from the three sets of spin-paired electrons is given by 



^diamagnetic = ~ T~5~ (10.219) 



3 = -s[^l-^i r (10.220) 
corresponding to the p x and p 7 electrons with no interaction from the 



F 

diamagnetic 
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orthogonal p z electrons (Eq. (10.84)). As demonstrated by Eqs. (7.6-7.15), 
the maintenance of the invariance of the electron's angular momentum of 

H t mass to charge ratio, — , and corresponding magnetic moment of a 



Bohr magneton, fi B9 requires that the term in brackets is be replaced by 
— corresponding to the relativistic correction given by Eq. (7.14). Thus, 

F a taMVM *3 is g iven b y 

1 8ft 2 
Zm t r u 



F^ fc 3 = 43TT^l)ir (10.221) 



where the vector projection of the spin interaction of ^s(s + l) = -y— is 

given by Eq. (7.15). 

The outward centrifugal force on electron 11 is balanced by the 
electric force and the magnetic forces (on electron 11). The radius of the 
outer electron is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (10.218)) and diamagnetic (Eqs. (10.219) and 
(10.221)) forces as follows: 

nrt = (Z - 10). 2 _ tf_ _ J^L^^ (10.222) 

H 1 
Substitution of v n = (Eq. (1.56)) and s = — into Eq. (10.222) gives: 

m e r n 2 
* < Z - l0 > c2 * F & (10.223) 



r,, = 



V I ■ C 



m e r> 4mA 4m^r 10 V4 Zn e r^4 

h 2 
m 



" (Z-10)e 2 H 2 [3 



4ne„ 4m e r t0 V 4 



(10.224) 



_ \ 4 J 

r u = — ^— s r lQ in units ofa 0 ( 10.225) 



(Z-10)- 



3 



4r 



Substitution of ^ = 0.56094 (Eq. (10.212) with Z = ll) into Eq. (10.225) 



gives 

^,=2.6543200 (10.2 26) 

The ionization energy of the sodium atom is given by the negative 
of E(electric) given by Eq. (10.102) with the appropriate charge and radius: 
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E(ionization\ Na) = -Electric Energy = ( Z ~ 10 ) g - 5. 1 2592 e V (10.227) 

where ^,=2.65432^ (Eq. (10.226)) and Z = ll. The experimental ionization 
energy of the sodium atom is 5.13908 eV [3]. 

THE IONIZATION ENERGIES OF ELEVEN-ELECTRON ATOMS WITH 
A NUCLEAR CHARGE Z>11 

Eleven-electron atoms having Z>11 possess an external electric 
field given by Eq. (10.92). Since there is a source of dissipative, J»E of 
Eq. (10.27), the magnetic moments of the inner electrons may change due 
to the outer electron such that the energy of the eleven-electron atom is 
lowered. The orbital angular momenta of the paired p x and p y electrons 

give rise to the paramagnetic force given by Eq. (10.89) which is also 
equivalent to that given by Eq. (10.55): 



F^,4^^ (10.228) 

The diamagnetic force, F dfamflgnrtic2 , due to a relativistic effect with an 
electric field for r>r n (Eq. (10.35)) may be determined by considering the 

corresponding force due to the binding of a 2p electron. It was shown in 
the Five-Electron Atom section, that V diamagaetie2 for five through ten- 
electron atoms, is dependent on the amplitude of the orbital energy. 
Using the orbital energy with £ = 1 (Eq. (10.90)), the energy m e Av 2 of Eq. 

(10.29) is reduced by the factor of fl-^^| due to the contribution of the 



charge-density wave of the inner electrons at r 3 . Thus, ¥ diamagnetic 2 is given 
by Eq. (10.93). Conversely, the binding of a 3s electron increases the 

energy m,Av 2 of Eq. (10.29) by the factor of ( 1 + "y"j such that 
becomes 

F w =-[f5$(.*f)^.0«i. (10.229) 

In the case that Z>11, the radius of the outer electron is calculated 
by equating the outward centrifugal force to the sum of the electric (Eq. 
(10.218)), diamagnetic (Eq. (10.229)), and paramagnetic (Eq. (10.228)) 
forces as follows: 



(Z-10)<? 2 ft 2 r-. K 4ft 2 r-. rr- 



r u 4jcs o r tl *m e r n r, 0 Zm e r u r lQ (10 230) 

8ft 2 ^ x " 



Zm t r* 
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m e r u 



(Z - 10)g : 




3 



» e tfr I0 V4 Lz-lOj, 2 Jm,/;t \4 



The quadratic equation corresponding to Eq. (10.231) is 



(10.231) 



( 



(Z-10)e : 

4ne. 



-(-- 11-^— IIV - — 



(10.232) 



r J 

( 











1 + —^ 






Z 











(Z-10)g : 
4«£_ 



f\ *\ h 1 [jY u f (z-\o)e 2 n 4\ h 2 fT\ 



The solution of Eq. (10.233) using the quadratic formula is: 



(10.233) 











1+ ^ 4 




171, 


z 











( 



(Z-10)e 

47EE, 



U Z)m e r to iA) 



m. 



1 + 



8J ; 



( 



(Z - 10)e : 

4ne. 



U ZJm g r m y4) 



+4 



1i = 



( 



Lz-iojj, 2 ) m e V4 

-(1-1)-*- /I] 



(Z-lO)e- 
4/rE„ 



(10.234) 
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H-C-D3 



±a. 



1 + 



4V3 



i+ 




(10.235) 



r 10 m units of 

where r l0 is given by Eq. (10.212). The positive root of Eq. (10.235) must 
be taken in order that *;,>0. The radii of several eleven-electron atoms 
are given in Table 10.10. 

The ionization energies for the eleven-electron atoms with Z>11 
are given by the electric energy, E(electric), (Eq. (10.102) with the radii, r ll9 
given by Eq. (10.235)): 



E(Ionization) = -Electric Energy = (2 10)g2 

&te o r u 



(10.236) 



Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured eleven-electron atoms are given in 
Table 10.10. 
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Table 10.10. Ionization energies for some eleven-electron atoms. 



lie 


z 


Atom 




Na 


11 


Mg* 




Al 2 * 


13 


Si'* 


14 




15 


S 5 * 


16 


a 6 * 


17 


Ar 1 * 


18 


K s * 


19 


Ca 9 * 


20 


Sc 10 * 


21 




22 




23 


Cr ,3+ 


24 


Mn u * 


25 


Fe xs * 


26 


Co' 6 * 


27 


Ni n * 


28 


Cu [H * 


29 


Z/i ,9+ 


30 



(q.) 



a 



0.09213 
0.08435 

0.07778 
0.07216 
0.06730 
0.06306 
0.05932 
0.05599 
0.05302 
0.05035 
0.04794 
0.04574 
0.04374 
0.04191 
0.04022 
0.03867 
0.03723 
0.03589 
0.03465 
0.03349 



r 3 

0.40853 
0.37065 

0.33923 
0.31274 

0.29010 
0.27053 
0.25344 

0.23839 
0.22503 
0.21308 
0.20235 
0.19264 
0.18383 
0.17579 
0.16842 
0.16165 
0.15540 
0.14961 
0.14424 
0.13925 



1o 
(O 



0.560945 
0.510568 

0.456203 
0.409776 

0.371201 
0.339025 

0.311903 
0.288778 
0.268844 
0.251491 
0.23625 1 
0.22276 1 
0.210736 
0. 19995 
0.19022 
0.181398 
0.173362 
0.166011 
0.159261 
0.153041 



2.65432 
1.74604 

1.47399 
1.25508 

1.08969 
0.96226 

0.86151 
0.77994 
0.71258 
0.65602 

0.60784 
0.56631 
0.53014 
0.49834 
0.47016 
0.44502 
0.42245 
0.40207 
0.38358 
0.36672 



Theoretical 
Ionization 

Energies e 

(eV) 
5.12592 
15.5848 

27.6918 

43.3624 

62.4299 

84.8362 

110.5514 

139.5577 

171.8433 

207.3998 

246.2213 

288.3032 

333.6420 

382.2350 

434.0801 

489.1753 

547.5194 

609.1111 

673.9495 

742.0336 



Experimenta 
1 Ionization 

Energies f 

(eV) 
5.13908 
15.03528 

28.44765 
45.14181 
65.025 1 
88.0530 
114.1958 

143.460 
175.8174 
211.275 
249.798 
291.500 
336.277 
384.168 
435.163 
489.256 
546.58 
607.06 
670.588 
738 



Relative 
Error* 

0.0026 
-0.0365 

0.0266 
0.0394 
0.0399 
0.0365 
0.0319 
0.0272 
0.0226 
0.0183 
0.0143 
0.01 10 
0.0078 
0.0050 
0.0025 
0.0002 
-0.0017 
-0.0034 
-0.0050 
-0.0055 



a Radius of the first set of paired inner electrons of eleven-electron atoms from Eq. (10.51). 
b Radius of the second set of paired inner electrons of eleven-electron atoms from Eq. 
(10.62). 

c Radius of three sets of paired inner electrons of eleven-electron atoms from Eq. (10.212)). 

d Radius of unpaired outer electron of eleven-electron atoms from Eq. (10.235)) for Z>11 
and Eq. (10.226) for Na. 

e Calculated ionization energies of eleven-electron atoms given by the electric energy (Eq. 
(10.236)). 

* From theoretical calculations, interpolation of isoelectronic and spectral series, and 
experimental data [2-3]. 

9 (Experimental-theoretical Vexperimental . 

The agreement between the experimental and calculated values of 
Table 10.10 is well within the experimental capability of the 
spectroscopic determinations including the values at large Z which relies 
on X-ray spectroscopy. In this case, the experimental capability is three 
to four significant figures which is consistent with the last column. The 
sodium atom isoelectronic series is given in Table 10.10 [2-3] to much 
higher precision than the capability of X-ray spectroscopy, but these 
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values are based on theoretical and interpolation techniques rather than 
data alone. Ionization energies are difficult to determine since the cut-off 
of the Rydberg series of lines at the ionization energy is often not 
observed, and the ionization energy must be determined from theoretical 
calculations, interpolation of Na isoelectronic and Rydberg series, as well 
as direct experimental data. 

TWELVE-ELECTRON ATOMS 

Twelve-electron atoms can be solved exactly using the results of 
the solutions of one, two, three, four, five, six, seven, eight, nine, ten, and 
eleven-electron atoms. 

RADIUS AND IONIZATION ENERGY OF AN OUTER ELECTRON OF 
THE MAGNESIUM ATOM 

For each eleven-electron atom having a central charge of Z times 
that of the proton, there are two indistinguishable spin-paired electrons 
in an orbitsphere with radii r x and r 2 both given by Eq. (7.19) (Eq. 
(10.51)), two indistinguishable spin-paired electrons in an orbitsphere 
with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired 

electrons in an orbitsphere at rj 0 given by Eq. (10.212), and an unpaired 
electron in an orbitsphere at r„. For Z>12, the next electron which binds 
to form the corresponding twelve-electron atom is attracted by the 
central Coulomb field and the spin-pairing force with the unpaired 3s 
inner electron and is repelled by diamagnetic forces due to the 3 sets of 
spin-paired inner electrons such that it forms and unpaired orbitsphere 
at radius r ]2 . 

The central Coulomb force acts on the outer electron to cause it to 
bind wherein this electric, force on the outer-most electron due to the 
nucleus and the inner eleven electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 

F * g (Z jy ^ (10.237) 
for r>r u . 

The outer electron which binds to form the corresponding twelve- 
electron atom becomes spin-paired with the unpaired inner electron such 
that they become indistinguishable with the same radius r u =r l2 
corresponding to a filled 3s shell. The corresponding spin-pairing force 

" (10.238) 
The spherically symmetrical closed 2p shell of twelve-electron 
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atoms produces a diamagnetic force, V djamavuHe9 that is equivalent to that of 

a closed s shell given by Eq. (10.11) with the appropriate radii. The inner 
electrons remain at their initial radii, but cause a diamagnetic force 
according to Lenz f s law that is 

F w/fc = -—^j-^^^K (10.239) 

In addition to the paramagnetic spin-pairing force between the 
eleventh electron initially at radius ij„ the pairing causes the diamagnetic 
interaction between the outer electrons and the inner electrons given by 
Eq. (10.11) to vanish, except for an electrodynamic effect for Z>12 
described in the Two-Electron Atoms section, since upon pairing the 
magnetic field of the outer electrons becomes zero. Using Eq. (10.55), 
F m**2 due to * e three 2p orbitals is given by: 

3 ft 



F ™<> = y;^^ 1 * ( 1 °- 240) 

In addition to the spin-spin interactions between electron pairs, the 
three sets of 2p electrons are orbitally paired. The s electrons of the 
magnesium atom produce a magnetic field at the position of the three 
sets of spin-paired 2p electrons. In order for the electrons to remain spin 
and orbitally paired, the corresponding diamagnetic force, f diamagwtie3 (Eq. 

(10.221)), on electron twelve from the three sets of spin-paired electrons 
is given by 

^ gMici =~^j^T)K (10.241) 

Z m e r l2 

corresponding to the p x9 p y , and p z electrons. 

The outward centrifugal force on electron 12 is balanced by the 
electric force and the magnetic forces (on electron 12). The radius of the 
outer electron is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (10.237)), diamagnetic (Eqs. (10.239) and 
(10.241)) and paramagnetic (Eqs. (10.238) and (10.240)) forces as 
follows: 

r n 47 &o r i2 4m /i2lo Zm <r l2'io 242) 

l2h Js(s + Y)+ * 3 ^Js(s+\) 



Zm e r l2 Zm e r \2 



Substitution of v I2 =— — (Eq. (1.56)) and j = - into Eq. (10.242) gives: 

m e r \2 2 



.2=utL_ * ja. «s;j2 + *e (.o.243) 



1! 


3ft 2 


i! 


12ft 1 


{4 + 2m A ^ 




+ 2 1 

Zm e r l2 r lQ 




ZmA 1 
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I2 = 




(Z- 

47EE 



!£„ U zJm^ 0 "V4 



(10.244) 



12 = 




•, r l0 in units ofa^ 



(10.245) 



Substitution of ^ = 0.51057 (Eq. (10.212) with Z = 12) into Eq. (10.245) 

a o 

gives 

r 12 = 1.79386a 0 (10.246) 
The ionization energy of the magnesium atom is given by the 

electric energy, E(electric), (Eq. (10.102) with the radius, r i2 , given by Eq. 

(10.246)): 

E(ionization; Mg) = -Electric Energy = ( ^" U)g = 7.58467 e V (10.247) 

where r n = 1.793860,, (Eq. (10.246)) and Z = 12. The experimental ionization 
energy of the magnesium atom is 7.64624 eV [3]. 

THE IONIZATION ENERGIES OF TWELVE-ELECTRON ATOMS WITH 
A NUCLEAR CHARGE Z>12 

Twelve-electron atoms having Z>12 possess an external electric 
field given by Eq. (10.92). Since there is a source of dissipative, J*E of 
Eq. (10.27), the magnetic moments of the inner electrons may change due 
to the outer electron such that the energy of the twelve-electron atom is 
lowered with conservation of angular momentum. Of the possible forces 
based on Maxwell's equations, those which give rise to an energy 
minimum are used to calculated the atomic radii and energies. With this 
constraint, the only paramagnetic force is that given by Eq. (10.89) due to 
the spin angular momenta of the paired 2p x , p y , and p z electrons 

interacting with equivalently with each of the 3s electrons. This force 
which is also equivalent to that given by Eq. (10.145) is: 

(10.248) 



V'12'10 
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From Eq. (10.229), the diamagnetic force, f diamagnetiC 2> due to a 
relativistic effect with an electric field for r>r n (Eq. (10.35)) is 



diamagnetic 



(10.249) 



In the case that Z>12, the radius of the outer electron is calculated 
by equating the outward centrifugal force to the sum of the electric (Eq. 
(10.237)), diamagnetic (Eq. (10.249)), and paramagnetic (Eq. (10.248)) 
forces as follows: 

.2 fT n\J 



"fc& = (Z-iiy 



12 



h 2 r- ; rr 6ft 



Lz-iiA 2 



(10.250) 



Substitution of v., =-^- (Eq. (1.56)) and j = into Eq. (10.250) gives: 

m e r t2 2 



m e r \1 



(Z - 1 l)e : 



4m ,l2 , io 



1+- 

4 Zm 



Lz-llJ, 2 \4 



(10.251) 



The quadratic equation corresponding to Eq. (10.251) is 

( Z-ll)e 2 ( 1 6 > j_ft 2 _ /I") 2 _ »1 _ f Z-12 lf 
4^~ U zJ^ 0 V4j /51 m/' 2 Lz-llJL 



1 + ^1^,0.(3-0 



2 J 



m. 



ft 
m. 



(10.252) 




3 



^ ( {Z-U)e 2 n 6\ h 2 [jY 12 ( {Z-\\)e 2 f\ 6\ H 1 JT^ 



= 0 



(10.253) 



The solution of Eq. (10.253) using the quadratic formula is: 



m. 



( 



(Z - 1 l)e 2 



-fl-lV*- 111 



m. 



(Z - 1 Y)e' 

47C£, 



(4 zjm^o^J^ 



44 



1+ 



V2 




lO.lf 



r l2 = 



f (z-ii)e 2 a 6^ a 2 m 



(10.254) 
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1 



r i2 = 




(10.255) 



r 10 in units of a 0 

where r 10 is given by Eq. (10.212). The positive root of Eq. (10.255) must 
be taken in order that r n > 0. The radii of several twelve-electron atoms 

are given in Table 10.11. 

The ionization energies for the twelve-electron atoms with Z>12 
are given by the electric energy, E(electric) 9 (Eq. (10.102) with the radii, r l2 , 
given by Eq. (10.255)): 

E(Ionizatiori) = —Electric Energy = — — ^ € (10.256) 

Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured twelve-electron atoms are given in 
Table 10.11. 
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403 



12e 
Atom 



Mg 
Al* 
Si 2 * 

a 5 * 

Ar<+ 
K 1 * 
Ca*+ 

Sc 9+ 

Cr ,2+ 
M«' 3+ 
Fe l4 + 
Co"* 
Ni' 6 * 
Cu"* 
Zn lt * 



a 



12 
13 
14 

15 
16 
17 

18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 



0.08435 
0.07778 
0.07216 

006730 
0.06306 
0.05932 

0.05599 
0.05302 
0.05035 
0.04794 
0.04574 
0.04374 
0.04191 
0.04022 
0.03867 
0.03723 
0.03589 
0.03465 
0.03349 



r 3 

(a„) b 

0.37065 
0.33923 
0.31274 

0.29010 
0.27053 
0.25344 
0.23839 
0.22503 
0.21308 
0.20235 
0.19264 
0.18383 
0. 17579 
0.16842 
0.16165 
0.15540 
0.14961 
0.14424 
0.13925 



0.51057 
0.45620 
0.40978 
0.37120 
0.33902 
0.31190 
0.28878 
0.26884 
0.25149 
0.23625 
0.22276 
0.21074 
0.19995 
0.19022 
0.18140 
0.17336 
0.16601 
0.15926 
0.15304 



'12 

1.79386 
1.41133 
1.25155 
1.09443 
0.96729 
0.86545 
0.78276 
0.71450 
0.65725 
0.60857 
0.56666 
0.53022 
0.49822 
0.46990 
0.44466 
0.42201 
0.40158 
0.38305 
0.36617 



Theoretical 
Ionization 

Energies e 

(eV) 
7.58467 

19.2808 

32.6134 

49.7274 

70.3296 

94.3266 

121.6724 

152.3396 

186.3102 

223.5713 
264.1138 
307.9304 
355.0157 
405.3653 
458.9758 
515.8442 
575.9683 
639.3460 
705.9758 



Experimental 
Ionization 

Energies f 

(eV) 
7.64624 

18.82856 

33.49302 

51.4439 
72.5945 
97.03 
124.323 
154.88 
188.54 

225.18 
265.07 
308.1 
354.8 
403.0 
457 
511.96 
571.08 
633 
698 



Relative 
Errors 

0.0081 

-0.0240 

0.0263 

0.0334 

0.0312 

0.0279 

0.0213 

0.0164 

0.0118 

0.0071 

0.0036 

0.0006 

-0.0006 

-0.0059 

-0.0043 

-0.0076 

-0.0086 

-0.0100 

-0.0114 



a Radius of the first set of paired inner electrons of twelve-electron atoms from Eq. (10.51). 
b Radius of the second set of paired inner electrons of twelve-electron atoms from Eq. 
(10.62). 

c Radius of three sets of paired inner electrons of twelve-electron atoms from Eq. (10.212)). 

d Radius of paired outer electrons of twelve-electron atoms from Eq. (10.255)) for Z>12 
and Eq. (10.246) for Mg. 

e Calculated ionization energies of twelve-electron atoms given by the electric energy (Eq. 
(10.256)). 

' From theoretical calculations, interpolation of isoelectronic and spectral series, and 

experimental data [2-3). 
9 (Experimental-theoreticalVexperimental. 



The agreement between the experimental and calculated values of 
Table 10.11 is well within the experimental capability of the 
spectroscopic determinations including the values at large Z which relies 
on X-ray spectroscopy. In this case, the experimental capability is three 
to four significant figures which is consistent with the last column. The 
magnesium atom isoelectronic series is given in Table 10.11 [2-3] to 
much higher precision than the capability of X-ray spectroscopy, but 
these values are based on theoretical and interpolation techniques rather 
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than data alone. Ionization energies are difficult to determine since the 
cut-off of the Rydberg series of lines at the ionization energy is often not 
observed, and the ionization energy must be determined from theoretical 
calculations, interpolation of Mg isoelectronic and Rydberg series, as well 
as direct experimental data. 

3P-ORBITAL ELECTRONS BASED ON AN ENERGY MINIMUM 

For each thirteen through eighteen-electron atom having a central 
charge of Z times that of the proton, there are two indistinguishable 
spin-paired electrons in an orbitsphere with radii r x and r 2 both given by 
Eq. (7.19) (Eq. (10.51)), two indistinguishable spin-paired electrons in an 
orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), three sets of 
paired electrons in an orbitsphere at r l0 given by Eq. (10.212), and two 
indistinguishable spin-paired electrons in an orbitsphere with radii r u 
and r }2 both given by Eq. (10.255). For Z>12, the next electron which 
binds to form the corresponding n-electron atom (13<n<18) is attracted 
by the central Coulomb field and is repelled by diamagnetic forces and 
attracted by paramagnetic forces due to the 3 sets of spin-paired inner 
2p electrons and two spin-paired inner 3s electrons such that it forms an 
orbitsphere comprising all of the 3p electrons at radius r n . The resulting 

electron configuration is ls 2 2s 2 2p 6 3s 2 3p*~ 12 . 

The central Coulomb force, F e , tf , acts on the outer electron to cause it 

to bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner w-1 electrons is given by Eq. (10.70): 

(Z^l))^ (10.257) 



'on 



for r > r a _, where n corresponds to the number of electrons of the atom 
and Z is its atomic number. In each case, the magnetic field of the 
binding outer electron changes the angular velocities of the inner 
electrons. However, in each case, the magnetic field of the outer electron 
provides a central Lorentzian force which exactly balances the change in 
centrifugal force because of the change in angular velocity [1]. The inner 
electrons remain at their initial radii, but cause a diamagnetic force 
according to Lenz's law. 

As shown in the 2P-Orbital Electrons Based on an Energy Minimum 
section the quantum numbers £ = l m-±\ and £ = l m = 0 correspond to 
spherical harmonics solutions, K, m (0,0), of Laplace's equation designated 
the 2p x , 2p y9 and 2p z orbitals, respectively. Similarly, for 13<n<18, the 

energy may be lowered by filling 3p orbitals in the same manner to 
achieve an energy minimum relative to other configurations and 
arrangements. In general, a nonuniform distribution of charge achieves 
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an energy minimum with the formation of a fifth shell due to the 
dependence of the magnetic forces on the nuclear charge and orbital 
energy (Eqs. (10.70), (10.258-10.264), and (10.268)). The outer electrons 
of atoms and ions that are isoelectronic with the series aluminum through 
argon half-fill a 3p level with unpaired electrons at phosphorous, then fill 
the level with paired electrons at argon. 

Similarly to the case of the 2p orbitals, spherical harmonic charge- 
density waves may be induced in the inner electron orbitspheres with 
the addition of one or more outer electrons to the 3p orbitals. An energy 
minimum is achieved when the thirteenth through eighteenth electrons 
of each thirteen through eighteen-electron atom fills a 3p orbital with the 
formation of orthogonal complementary charge-density waves in the 
inner shell 2p and 3s electrons. To maintain the symmetry of the central 
charge and the energy minimum condition given by solutions to Laplace's 
equation (Eq. (10.72)), the charge-density waves on electron orbitspheres 
at r l0 and r 12 complement those of the outer orbitals when the outer 3p 

orbitals are not all occupied by at least one electron, and the 
complementary charge-density waves are provided by electrons at r l2 
when this condition is met. In the case of the 3p electrons, an exception 
to the trends in 2p orbital forces arises due to the interaction between 
the 2p, 3s, and 3p electrons due to magnetic fields independent of 
induced complementary charge-density waves. The spin and angular 
momenta of the 2p electrons give rise to corresponding magnetic fields 
that interact with the two 3s electrons. The filled 2p orbitals with the 
maintenance of symmetry according to Laplace's equation (Eq. (10.72)) 
requires that the 2p as well as the 3s electrons contribute forces to the 
3p electrons due to the electrons at aj 0 acing on the electrons at r n which 

complies with the reactive force, F diam(Iglltflfc2J having the factor + and 

given by Eq. (10.229). 

The total orbital contribution to the diamagnetie force, F^^^^, 

given by Eq. (10.82) is: 

R fr* 1 ^', « MA H \ V^Oi, (10.258) 



diamagnetie f (2* + 1)(' - H)\ 4m e r;r ]2 



where the contributions from orbitals having [m| = l add positively or 
negatively. From Eq. (10.204), the diamagnetie force, F diamagnefi£ * 

contribution from the 2p electrons is given by the sum of the 
contributions from the p x , p yt and p z orbitals corresponding to m = 1, -1, 

and 0, respectively: 
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where r I2 is given by Eq. (10.255). Due to the 2p-3s-3p interaction, the 3s 
electrons provide spin or orbital angular momentum in order conserve 
angular momentum of the interacting orbitals. In the case that an energy 
minimum is achieved with 3s orbital angular momentum, the 
diamagnetic force, V diamagnetieJ contribution is given by Eqs. (10.82) and 

(10.258) where m = 1, -1, or 0 corresponding to induced charge-density 
waves. The contribution from the 3s orbital is added to the contributions 
from the 3p and the 2p orbitals until the 3p orbitals are at least half 
filled. Then the diamagnetic force is only due to 3p and 3s electrons 
since the induced charge-density waves only involve the inner-most 
shell, the 3s orbital. 

As given by Eq. (10.89), the contribution of the orbital angular 
momentum of an unpaired 3p electron to the paramagnetic force, F^j, is 

F^ 2 = ^-T- V^IM, ( 10.260) 

* m e r n r \2 

Each outer 3p electron contributes spin as well as orbital angular 
momentum. The former gives rise to spin pairing to another 3p electron 
when an energy minimum is achieved. In the case that the orbital 
angular momenta of paired 3p electrons cancel, the contribution to 2 

due to spin alone given by Eq. (10.83) is equivalent to that due to orbital 
angular momentum alone (Eq. (10.260)). Due to the 2p-3s-3p interaction, 
the 3s electrons can also provide a paramagnetic force, V mag2 y contribution 

given by Eqs. (10.82) and (10.260) due to spin angular momentum 
corresponding to induced charge-density waves. 

N-electron atoms having Z>n possess an electric field given by Eq. 
(10.92) for r>r„. Since there is a source of dissipative, J«E of Eq. (10.27), 

the magnetic moments of the inner electrons may change due to the 
outer electron such that the energy of the n-electron atom is lowered. 
^diamagnetic^ is given by Eqs. (10.82) and (10.258). Due to the 2p-3s-3p 
interaction, the 2p level contributes to the forces even when the filling of 
the 3p level is half or greater, and the 3s electrons may provide orbital 
angular momentum in order conserve angular momentum of the 
interacting orbitals. In the case that an energy minimum is achieved 
with 3s orbital angular momentum, the diamagnetic force, ^ diaimxgnetic j 

contribution is given by Eqs. (10.82) and (10.258) where m = 1, -1, or 0 
corresponding to induced charge-density waves. The contribution from 
the 3s orbital is added to the contributions from the 3p and the 2p 
orbitals. 

Due to the 2p-3s-3p interaction with Z>n, F mog2 has a contribution 

from the 2p, 3s, and 3p orbitals. The filled 2p orbitals with the 
maintenance of symmetry according to Eq. (10.72) requires that the 
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diamagnetic force, F mtf ^ 2 , contribution is 

F M<2 =(4 + 4 + 4)l-^^^i,=|^V^(^i, (10.261) 

Z m e r n r \2 L m e r n r \2 

corresponding to the spin and orbital angular momenta of the paired 2p x , 
p r and p t electrons (Eq. (10.205)). The 3s electrons can provide a F ma ^ 2 
contribution of 

F -^ = 7^^ JTT > 1 ' (10.262) 

Z m e r tt r l2 

corresponding to coupling to the spin and induced orbital angular 
momentum wherein the orbitals interact such that this contribution 
superimposes negatively or positively to the contributions from the 2p 
and 3p orbitals. Each outer 3p electron contributes spin as well as orbital 
angular momentum. Each unpaired 3p electron can spin and orbitally 
pair with a 2p orbital. The corresponding force, F mo ^ 2 , contribution given 

by Eq. (10.84) is: 

F^ 2 =y-^V^l)i, (10.263) 

Z m e T n r \2 

The 3p electrons spin-pair upon further filling of the 3p orbital. Two 
spin-paired 3p electrons interacting with two spin-paired 2p orbital 
electrons double the corresponding force, F mfl ^ 2 , contribution: 

= < 1 0. 264) 

Z m e r n r I2 

The sum of the magnitude of the angular momentum of the electron 
is tt in any inertial frame and is relativistically invariant. The vector 
projections of the orbitsphere spin angular momentum relative to the 
Cartesian coordinates are given in the Spin Angular Momentum of the 
Orbitsphere with 1=0 section. The magnitude of the z-axis projection of 
the spin angular momentum, |L Z |, the moment of inertia about the z-axis, 
/ z , and the rotational energy about the z-axis, ^ given by Eqs. 

(1.78-1.82) are 

|L.I = /-^ = - (10.265) 

(10.266) 



m e r 2 2 
/ =/ = m < r n 

l Z M spin 2 




E rotational = ^ rotational spin ~ ~l ~ I ~ "1 T I ( 1 0.267) 



N-electron atoms having Z>n possess an electric field given by Eq. 
(10.92) for r>r /1 . Since there is a source of dissipative, J*E of Eq. (10.27), 
the magnetic moments of the inner electrons may change due to the 
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outer electron such that the energy of the n-electron atom is lowered. As 
shown in the P-Orbital Electrons Based on an Energy Minimum section for 
^diamagnetk 2 given by Eq. (10.93), the corresponding diamagnetic force for 2p 
electrons, ¥ diamaglKtic2 , due to a relativistic effect with an electric field for 
r>r n (Eq. (10.35)) is dependent on the amplitude of the orbital energy. 
Using the orbital energy with £ = 1 (Eq. (10.90)), the energy m,Av 2 of Eq. 

(10.29) is reduced by the factor of fl- — | due to the contribution of the 



charge-density wave of the inner electrons at /j 2 . In addition, the two 3s 
electrons contribute an energy factor based on Eq. (1.82) since the filled 
2p orbitals with the maintenance of symmetry according to Eq. (10.72) 
requires that the diamagnetic force is due to the electrons at r )0 acing on 

the electrons at r 12 which complies with the reactive force, ¥ diamagnetic2 > given 

by Eq. (10.229). Thus, F diamagnetic 2 for 3p electrons with Z>n is given by 

F ™ "-[^roI'-fHM 10 ^^ 1 - (,0 - 268 > 

The total diamagnetic and paramagnetic forces are given as the sum 
over the orbital and spin angular momenta that may add positively or 
negatively while maintaining the conservation of angular momentum. Of 
the possible forces based on Maxwell's equations, those which give rise to 
an energy minimum are used to calculated the atomic radii and energies. 
In general, an energy minimum is achieved by minimizing V diamagnetic while 

maximizing V mag2 with conservation of angular momentum. 

Using the forces given by Eqs. (10.257-10.264), (10.268), and the 
radii r n given by Eq. (10.255), the radii of the 3p electrons of all thirteen 
through eighteen-electron atoms may be solved exactly. The electric 
energy given by Eq. (10.102) gives the corresponding exact ionization 
energies. ¥ ele and F diamagnetic 2 given by Eqs. (10.257) and (10.268), 

respectively, are of the same form for all atoms with the appropriate 
nuclear charges and atomic radii. V aUtmagHetic given by Eq. (10.258) and F mo ^ 2 

given by Eqs. (10.260-10.264) are of the same form with the appropriate 
factors that depend on the minimum-energy electron configuration. The 
general equation and the summary of the parameters that determine the 
exact radii and ionization energies of all thirteen through eighteen- 
electron atoms are given the General Equation For The Ionization Energies 
of Thirteen Through Eighteen-Electron Atoms section and in Table 10.18. 



THIRTEEN-ELECTRON ATOMS 

Thirteen-electron atoms can be solved exactly using the results of 
the solutions of one, two, three, four, five, six, seven, eight, nine, ten, 
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eleven, and twelve-electron atoms. 

RADIUS AND IONIZATION ENERGY OF THE OUTER ELECTRON OF 
THE ALUMINUM ATOM 

For each twelve-electron atom having a central charge of Z times 
that of the proton, there are two indistinguishable spin-paired electrons 
in an orbitsphere with radii r x and r 2 both given by Eq. (7.19) (Eq. 
(10.51)), two indistinguishable spin-paired electrons in an orbitsphere 
with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired 
electrons in an orbitsphere at r l0 given by Eq. (10.212), and two 
indistinguishable spin-paired electrons in an orbitsphere with radii r„ 
and r l2 both given by Eq. (10.255). For Z>13, the next electron which 
binds to form the corresponding thirteen-electron atom is attracted by 
the central Coulomb field and is repelled by diamagnetic forces due to the 
3 sets of spin-paired inner 2p electrons and two spin-paired inner 3s 
electrons such that it forms and unpaired orbitsphere at radius r; 3 . The 

resulting electron configuration is ls 2 2s 2 2p 6 3s 2 3p l , and the orbital 

arrangement is 
3p state 

_T (10.269) 

10-1 

corresponding to the ground state 2 /^ 2 . 

The central Coulomb force acts on the outer electron to cause it to 
bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner twelve electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 

F = (Z-12)g 2 (10.270) 
* 

for r>r l2 . 

As in the case of the boron atom given in the Five-Electron Atom 
section, the single p orbital of the aluminum atom produces a diamagnetic 
force equivalent to that of the formation of an s orbital due to the 
induction of complementary and spherically symmetrical charge-density 
waves on electron orbitspheres at r l0 and r J2 in order to achieve a solution 
of Laplace's equation (Eq. (10.72)). The inner electrons remain at their 
initial radii, but cause a diamagnetic force according to Lenz's law that is 
given by Eq. (10.96) with the appropriate radii. In addition, the 
contribution of the diamagnetic force, F diamagnelicJ due to the 2p electrons is 

given by Eqs. (10.105) and (10.259) as the sum of the contributions from 
the p x y p y9 and p z orbitals corresponding to m = 1, -1, and 0, respectively. 
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Thus, is given by 

=-H + Kfe^^'' - iTk^r^' < 1 027 1 > 

The charge induction forms complementary mirror charge-density 
waves which must have opposing angular momenta such that momentum 
is conserved. In this case, ¥ mag2 given by Eq. (10.260) is zero: 

F , = 0 (10.272) 

mag 2 v 

The outward centrifugal force on electron 13 is balanced by the 
electric force and the magnetic force (on electron 13). The radius of the 
outer electron is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (10.270)) and diamagnetic (Eq. (10.271)) 
forces as follows: 

T^k = < 2 ~ l2 Y 2_^/^n) (10.273) 

Substitution of v.,=-^- (Eq. (1.56)) and 5 = ^ into Eq. (10.273) gives: 

m e r„ 2 



(Z-12)e 2 llfr 



(10.274) 



r 13 = y -2 j=^r, r l2 in units of (10.275) 



(Z-12) — -J 



3 



12r I2 



Substitution of ^. = 1.41133 (Eq. (10.255) with Z = 13) into Eq. (10.275) 



gives 

r, 3 = 2.28565oo (10.276) 
The energy stored in the electric field of the aluminum atom, 

E(electric), is given by Eq. (10.102) with the appropriate with the radius, 

r 13 , given by Eq. (10.276)): 

E(electric); Al) = - ( Z ~ 12)e = 5.95270 e V (10.277) 

where /j 3 = 2.28565a 0 (Eq. (10.276)) and Z = 13. The ionization energy is 
given by the sum of the electric energy and the energy corresponding to 
the change in magnetic-moments of the inner shell electrons. Since there 
is no source of dissipative power, J*E of Eq. (10.27), to compensate for 
any potential change in the magnetic moments, Am, of the inner electrons 
due to the ionization of the outer electron of the aluminum atom, there is 
a diamagnetic energy term in the ionization energy for this atom that 
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follows from the corresponding term for the lithium atom given by Eqs. 
(10.15-10.24), with Z = 13, r l2 given by Eq. (10.255), and r n given by Eq. 

(10.276). Thus, the change in magnetic energy of the inner orbitsphere 
at r !2 is 76.94147 %, so that the corresponding energy AE^ is 

AE^j = 0.7694147 X 0.04069938 eV = 0.0313147 eV (10.278) 

where the magnetic energy of the inner electrons is 0.04069938 eV (Eqs. 
(10.64) and (10.276)). Then, the ionization energy of the aluminum atom 
is given by Eqs. (10.276-10.278): 

(Z-12)e 2 

Eiionization; Al) = — + AE^ (10.279) 

= 5.95270 eV + 0.031315 eV = 5.98402 eV 
The experimental ionization energy of the boron atom is 5.98577 eV [3]. 

THE IONIZATION ENERGIES OF THIRTEEN-ELECTRON ATOMS 
WITH A NUCLEAR CHARGE Z>13 

Thirteen-electron atoms having Z>13 possess an external electric 
field given by Eq. (10.92). In this case, an energy minimum is achieved 
with conservation of momentum when the orbital angular momentum is 
such that ¥ diamagnetie is minimized while is maximized. From Eq. 

(10.258), the diamagnetic force, *$ diama$netic o is given by the sum of the 

contributions from the 2p x , p r and p z orbitals corresponding to m = 1, -1, 

and 0, respectively: 

wherein the contribution due to the 3p x (m = 1) is canceled by the mirror 
charge-density wave with m = -1 induced in the 3s orbital according to 
Eq. (10.258). 

With Z>13, the charge induction forms complementary mirror 
charge-density waves such that the angular momenta do not cancel. The 
filled 2p orbitals with the maintenance of symmetry according to Eq. 
(10.72) requires that the diamagnetic force is due to the electrons at r l0 

acing on the electrons at r n which complies with the reactive force, 

V^snenci* given by Eq. (10.249). From Eq. (10.261)/ F^ 2 is 

=(4 + 4 + 4)i-^V^l)i, =l-^V^H)i r (10.281) 

corresponding to the spin and orbital angular momenta of the paired 2p xJ 
p yJ and p t electrons wherein the contribution due to the 3 p x (m = 1) is 

canceled by the mirror charge-density wave with m = -1 induced in the 
3s orbital according to Eq. (10.262). 

The diamagnetic force, F <ffflmfl ^ rfA:2 , due to the binding of the 3p-orbital 
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electron having an electric field outside of its radius is given by Eq. 
(10.268): 

V2 



diamagnttic 2 " | 7 _ n ||* ' ~ ' A *^v-\- ■ -/-r (10.282) 

In the case that Z>13, the radius of the outer electron is calculated 
by equating the outward centrifugal force to the sum of the electric (Eq. 
(10.270)) and diamagnetic (Eqs. (10.280) and (10.282)), and 
paramagnetic (Eq. (10.281)) forces as follows: 

m e v^ (Z-12)e 2 5ft 2 



13 



Zm e r n r l2 



(10.283) 



Substitution of v 13 = 

h 1 _ (Z-12)e 2 
4ne„r 2 



s(s + 1) 



1 



m e r n 



(Eq. (1.56)) and s = - into Eq. (10.283) gives: 

2 




3 

— + 
4 Zm 



12ft 2 f3 (" Z-13 " 
^3'i2V4 LZ-12. 



2 



2j^> e \4 



The quadratic equation corresponding to Eq. (10.284) is 
(Z-12)e 2 (5 \2\ ft 2 FT! 2 A 2 TZ-13Y. -Jl 



r 2 

■( 



_ f A _ !2\JL E b _ »L „ _ rizliT, _ £ + 1 W 

U2 Z J m e r 12 V 4 J 13 m t 13 LZ-12^ 2 2 J m, 

LZ-12JV 2 2j m. 



(10.284) 



10JJ = 0 
(10.285) 



' 10.11 



(Z-12)g~ 



(5 \2\ h 2 fjY" ( {Z-\2)e 2 (5 12V ft 2 FTl 
ll2 Zjm e r t2 l4) { 4m o \12 Z)m t r l2 i4) 



(Z-I2)e- 



= 0 



The solution of Eq. (10.286) using the quadratic formula is: 



(10.286) 



m. 



-\2)e- 



4ne, 



U2 Z)m e r n ^4) 



m. 



(Z-12)e- 



+4 



n 

m 



1j = 



\12 Z)m A ^4) J 
U2 Zjm e r n l4) 



(Z-12)e- 

47C£, 



(10.287) 
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i 



(10.288) 



r n in units of 

where r n is given by Eq. (10.255). The positive root of Eq. (10.288) must 
be taken in order that r n > 0 . The radii of several thirteen-electron atoms 

are given in Table 10.12. 

The ionization energies for the thirteen-electron atoms with Z>13 
are given by the electric energy, E(electric)> (Eq. (10.102) with the radii, r l3 , 

given by Eq. (10.288)): 

(Z-12)e 2 



E(lonizatiori) = -Electric Energy = 



(10.289) 



Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured thirteen-electron atoms are given 
in Table 10.12. 
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Table 10.12. Ionization energies for some thirteen-electron atoms. 
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13 e 
Atom 



r 3 



K) a (<O b («») 



Al 

sr 

CI** 

Ar 5 * 

K 6 * 

Ca 1+ 

Sc*+ 

Ti 9+ 

yiO* 

Cr" + 
Mn ,2+ 
Fe ,3 + 
Co 1 ** 
M ,5+ 
C« ,6+ 

Zn 17+ 



13 0.07778 

14 0.07216 

15 0.06730 

16 0.06306 

17 0.05932 

18 0.05599 

19 0.05302 

20 0.05035 

21 0.04794 

22 0.04574 

23 0.04374 

24 0.04191 

25 0.04022 

26 0.03867 

27 0.03723 

28 0.03589 

29 0.03465 

30 0.03349 



0.33923 
0.31274 

0.29010 
0.27053 
0.25344 

0.23839 
0.22503 
0.21308 

0.20235 
0.19264 
0.18383 
0.17579 
0.16842 
0.16165 
0.15540 
0.14961 
0.14424 
0.13925 



0.45620 
0.40978 

0.37120 
0.33902 
0.31190 

0.28878 
0.26884 
0.25149 
0.23625 
0.22276 
0.21074 
0.19995 
0.19022 
0.18140 
0.17336 
0.16601 
0.15926 
0.15304 



r t2 

1.41133 
1.25155 

1.09443 
0.96729 
0.86545 

0.78276 
0.71450 
0.65725 
0.60857 
0.56666 
0.53022 
0.49822 
0.46990 
0.44466 
0.42201 
0.40158 
0.38305 
0.36617 



'13 

2.28565 
1.5995 
1.3922 
1.1991 
1.0473 
0.9282 
0.8330 
0.7555 

0.6913 

0.6371 

0.5909 

0.5510 

0.5162 

0.4855 

0.4583 

0.4341 

0.4122 

0.3925 



Theoretical 
ionization 

Energies f 

(eV) 
5.98402 
17.0127 

29.3195 

45.3861 

64.9574 

87.9522 

114.3301 

144.0664 

177.1443 
213.5521 
253.2806 
296.3231 
342.674 1 
392.3293 
445.2849 
501.5382 
561.0867 
623.9282 



Experimental 
Ionization 

Energies S 

(eV) 
5.98577 
16.34585 

30.2027 
47.222 

67.8 
91.009 
117.56 
14X24 

180.03 
215.92 
255.7 
298.0 
343.6 
392.2 

444 

499 

557 

619 



Relative 
Error h 



0.0003 
-0.0408 
0.0292 
0.0389 
0.0419 
0.0336 
0.0275 
0.0216 

0.0160 
0.01 10 
0.0095 
0.0056 
0.0027 
-0.0003 
-0.0029 
-0.0051 
-0.0073 
-0.0080 



a Radius of the paired 1 s inner electrons of thirteen-electron atoms from Eq. (1 0.51 ). 

b Radius of the paired 2s inner electrons of thirteen-electron atoms from Eq. (1 0.62). 

c Radius of the three sets of paired 2p inner electrons of thirteen-electron atoms from Eq. 
(10.212)). 

d Radius of the paired 3s inner electrons of thirteen-electron atoms from Eq. (10.255)). 

e Radius of the unpaired 3p outer electron of thirteen-electron atoms from Eq. (10.288) for 

Z>13 and Eq. (10.276) for Al. 

* Calculated ionization energies of thirteen-electron atoms given by the electric energy (Eq. 
(10.289)) for Z>13 and Eq. (10.279) for Al. 

9 From theoretical calculations, interpolation of isoelectronic and spectral series, and 
experimental data [2-3]. 

n (Experimental-theoretical)/experimental. ; 

The agreement between the experimental and calculated values of 
Table 10.12 is well within the experimental capability of the 
spectroscopic determinations including the values at large Z which relies 
on X-ray spectroscopy. In this case, the experimental capability is three 
to four significant figures which is consistent with the last column. The 
aluminum atom isoelectronic series is given in Table 10.12 [2-3] to much 
higher precision than the capability of X-ray spectroscopy, but these 
values are based on . theoretical and interpolation techniques rather than 
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data alone. Ionization energies are difficult to determine since the cut-off 
of the Rydberg series of lines at the ionization energy is often not 
observed, and the ionization energy must be determined from theoretical 
calculations, interpolation of Al isoelectronic and Rydberg series, as well 
as direct experimental data. 

FOURTEEN-ELECTRON ATOMS 

Fourteen-electron atoms can be solved exactly using the results of 
the solutions of one, two, three, four, five, six, seven, eight, nine, ten, 
eleven, twelve, and thirteen-electron atoms. 

RADIUS AND IONIZATION ENERGY OF AN OUTER ELECTRON OF 
THE SILICON ATOM 

For each thirteen-electron atom having a central charge of Z times 
that of the proton, there are two indistinguishable spin-paired electrons 
in an orbitsphere with radii r x and r 2 both given by Eq. (7.19) (Eq. 
(10.51)), two indistinguishable spin-paired electrons in an orbitsphere 
with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired 
electrons in an orbitsphere at r 10 given by Eq. (10.212), two 
indistinguishable spin-paired electrons in an orbitsphere with radii r n 
and r 12 both given by Eq. (10.255), and an unpaired electron in an 
orbitsphere with radius rj 3 given by Eq. (10.288). For Z>14, the next 
electron which binds to form the corresponding fourteen-electron atom is 
attracted by the central Coulomb field and is repelled by diamagnetic 
forces due to the 3 sets of spin-paired inner 2p electrons and two spin- 
paired inner 3s electrons. A paramagnetic spin-paring force to form a 
filled s orbital is also possible, but the force due to the spin-pairing of the 
electrons (Eq. (7.15) with the radius r u ) reduces the energy of the atom 
less than that due to the alternative forces on two unpaired 3p electrons 
in an orbitsphere at the same radius /; 4 . The resulting electron 

configuration is ls 2 2s 2 2p 6 3s 2 3p 2 9 and the orbital arrangement is 
3p state 

_T T (10.290) 

10-1 
corresponding to the ground state 3 /J>. 

The central Coulomb force acts on the outer electron to cause it to 
bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner thirteen electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 

F rig = (Z ^ 13 y 2 i r (10.291) 



1 
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for r>r I3 . 

As in the case of the carbon atom given in the Six-Electron Atom 
section, the two orthogonal 3p electrons form charge-density waves such 
that the total angular momentum of the two outer electrons is conserved 
which determines the diamagnetic force according to Eq. (10.82) (Eq. 
(10.258)). The contribution is given by Eq. (10.117) corresponding to 
m = l. In addition, the contribution of the diamagnetic force, ¥ diamagnetic , due 

to the 2p electrons is given by Eq. (10.105) (Eq. (10.259)) as the sum of 
the contributions from the 2 p xJ p y9 and p z orbitals corresponding to m = 

1, -1, and 0, respectively. Thus, is given by 

(2 2 2 n ti 2 r- f rr. 

\3 3 3 3jArn e r l4 r l2 (10.292) 
3/4m e r l4 r l2 

The charge induction forms complementary mirror charge-density 
waves which must have opposing angular momenta such that momentum 
is conserved. In this case, given by Eq. (10.89) (Eq. (10.260)) is zero: 

^=0 (10.293) 

The outward centrifugal force on electron 14 is balanced by the 
electric force and the magnetic forces (on electron 14). The radius of the 
outer electron is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (10.291)) and diamagnetic (Eq. (10.292)) 
forces as follows: 

m^ = (Z-13)e 2 7ft^_^— ^ (10.294) 

Substitution of v l4 =-^— (Eq. (1.56)) and s = - into Eq. (10.294) gives: 

m e r„ 2 

Js(s + l) (10.295) 
<mitsofa Q (10.296) 



i 



h 2 


_(Z-13)e 2 


7ft 2 




4ne 9 r* I2m e r*r l2 






r 12 in 


r >4=- 


< z - ,s »-.£ 



Substitution of ^ = 1.25155 (Eq. (10.255) with Z = 14) into Eq. (10.296) 
gives 

/; 4 = 1.676850,, (10.297) 
The ionization energy of the silicon atom is given by the electric 
energy, E(elearic) , (Eq. (10.102) with the radius, r u , given by Eq. (10.297)): 



t 
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E(ionizaiion\ Si) = -Electric Energy = (Z ~ 13)g2 = 8. 1 1 39 1 e V (10.298) 

where ^ = 1.6768500 (Eq. (10.297)) and Z = 14. The experimental ionization 
energy of the silicon atom is 8.15169 eV [3]. 

THE IONIZATION ENERGIES OF FOURTEEN-ELECTRON ATOMS 
WITH A NUCLEAR CHARGE Z>14 

Fourteen-electron atoms having Z>14 possess an external electric 
field given by Eq. (10.92). In this case, an energy minimum is achieved 
with conservation of momentum when the orbital angular momentum is 
such that ¥ diamagne1ic is minimized while is maximized. With a half- 

filled 3p shell, the diamagnetic force due to the orbital angular momenta 
of the 3p electrons cancels that of the 2p electrons. Thus, V diamagnetie is 

minimized by the formation of a charge-density wave in the 3s orbital 
corresponding to m = -1 in Eq. (10.258) to form the equivalent of a half- 
filled 3p shell such that the contribution due to the 2p shell is canceled. 
From Eq. (10.258), the diamagnetic force, F AWgn<f ,. c , is given by the sum of 

the contributions from the 3 p x and p z orbitals corresponding to m = 1 and 
0, respectively, and the negative contribution due to the charge-density 
wave with m = -1 induced in the 3s orbital according to Eq. (10.258): 

= -(14- - -Gfe^k < 1 °- 299) 

From Eq. (10.261), 2 corresponding to the spin and orbital 
angular momenta of the paired 2p x , p r and p z electrons is 

F^, = (4 + 4 + 4)1— ^V^^ir=^"^V^(^i r (10.300) 

Z rn e r l4 r l2 Z m e r l4 r X2 

and the contribution from the 3p shell is 

F^,2 =(4 + 4-4)1— V-V^^ir=i-^ (10.301) 

Z m e r ]4 r l2 Z m e r l4 r l2 

corresponding to the 3 p x and p z electrons wherein the contribution due 

to the 3p x (m = 1) electron is canceled by the mirror charge-density wave 

with m = -1 induced in the 3s orbital (Eq. (10.262)). Thus, the total of 

F «o g 2 is 

F^^ll^V^C^ir (10.302) 
Z m e r ]4 r l2 

The diamagnetic force, ¥ diamagnetk29 due to the binding of the 3p-orbital 

electron having an electric field outside of its radius is given by Eq. 
(10.268): 
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LZ-13\ 2 2)m e r?< 
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(10.303) 



In the case that Z>14, the radius of the outer electron is calculated 
by equating the outward centrifugal force to the sum of the electric (Eq. 
(10.291)), diamagnetic (Eqs. (10.299) and (10.303)), and paramagnetic 
(Eq. (10.302)) forces as follows: 

" (Z-13)e 2 ft 2 r-. rr 16ft 2 



r i4 



I2m e r u r n 



*Js(s + 1) + 



Zm e r H r n 



LZ-13J^ 2 2)m e r t4 



(10.304) 



s(s + 1) 



Substitution of v )4 =— — (Eq. (1-56)) ands = | into Eq. (10.304) gives: 

Hi 



m e r lA 

(Z-13)e 2 ft 2 



I2m e r t4 r n 



.2- 

4 Zm 



^412^4 [z-13^ 1 2 "^jm'igW* 



The quadratic equation corresponding to Eq. (10.305) is 
(Z-13)e 2 (\ 16^ ft 2 h 2 rz-14 Y. V2 



47TE 



ll2 z)m t r i2 UJ" m/ 4 Lz-isj, 1 2 + 2 J m. 



(10.305) 



2 ioJ| = o 

(10.306) 



,2 

( 



ft 2 

m 



(Z-13)e' 

4^e_ 



£ f LZ-13Jl 2 2j 12 \4 

f 1 16^ h 2 (T\ r>4 f (Z-\3)e 2 ( 1 16^ h 2 Vf\ 
U2 Z)m t r n iA) \ 4rce„ U2 Z)m e r n i4) 



= 0 



The solution of Eq. (10.307) using the quadratic formula is: 



(10.307) 



r H = 







* T 


m > ± 


Uz-\y>e 2 j 


r l 16^ ft 2 /J"! 


( (Z-13)e 2 ( 1 16^ h 2 [J\ 

l , u z) - J *' | 


ft 2 

m,LZ-13j 






f (Z-13)e 2 


-f 1 - 16 1 * 2 Fl 

V12 Zjm e r l2 l4) 



(10.308) 
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±a o 




14 = 



(10.309) 



/j 2 in unite 

where r I2 is given by Eq. (10.255). The positive root of Eq. (10.309) must 
be taken in order that r l4 >0. The final radius of electron 14, r l4 , is given 
by Eq. (10.309); this is also the final radius of electron 13. The radii of 
several fourteen-electron atoms are given in Table 10.13. 

The ionization energies for the fourteen-electron atoms with Z>14 
are given by the electric energy, E(electric) y (Eq. (10.102) with the radii n 
given by Eq. (10.309)): 

(Z-13)e 2 



14' 



E(Ionization) = —Electric Energy = 



8*^4 



(10.310) 



Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured fourteen-electron atoms are given 
in Table 10.13. 



♦ 
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14 e 

Atom 



'3 



'io 



'12 



K) a K) b K) c (<O d K> 



Si 
F* 
S 2+ 

c/ 3+ 

Ar*+ 

Ca 6 * 
Sc 1 * 

V 9 * 
Cr i0 * 
Mn"+ 
Fe' 2 * 
Co ,3 + 
M ,4+ 
C« ,s+ 
Zn' 6 * 



14 0.07216 

15 0.06730 

16 0.06306 

17 0.05932 

18 0.05599 

19 0.05302 

20 0.05035 

21 0.04794 

22 0.04574 

23 0.04374 

24 0.04191 

25 0.04022 

26 0.03867 

27 0.03723 

28 0.03589 

29 0.03465 

30 0.03349 



0.31274 
0.29010 
0.27053 
0.25344 

0.23839 
0.22503 
0.21308 
0.20235 
0.19264 
0.18383 
0.17579 
0.16842 
0.16165 
0.15540 
0.14961 
0. 14424 
0.13925 



0.40978 
0.37120 
0.33902 
0.31190 
0.28878 
0.26884 
0.25149 
0.23625 
0.22276 
0.21074 
0.19995 
0.19022 
0.18140 
0.17336 
0.16601 
0.15926 
0. 15304 



1.25155 
1 .09443 
0.96729 
0.86545 
0.78276 
0.71450 
0.65725 
0.60857 
0.56666 
0.53022 
0.49822 
0.46990 
0.44466 
0.42201 
0.40158 
0.38305 
0.36617 



1.67685 
1.35682 
1.21534 
1.06623 
0.94341 
0.84432 
0.76358 
0.69682 
0.64078 
0.59313 
0.55211 
0.51644 
0.48514 
0.45745 
0.43277 
0.41064 
0.39068 



Theoretical 
Ionization 

Energies f 

(eV) 
8.11391 
20.0555 
33.5852 
51.0426 
72.1094 
96.6876 
124.7293 
156.2056 
191.0973 
229.3905 
271.0748 
316.1422 
364.5863 
416.4021 
471.5854 
530.1326 
592.0410 



Experimental 
Ionization 

Energies s 

(eV) 
8.15169 
19.7694 
34.790 
53.4652 
75.020 
99.4 
127.2 
158.1 
192.10 
230.5 
270.8 
314.4 
361 
411 
464 
520 
579 



Relative 
Error h 



0.0046 

-0.0145 

0.0346 

0.0453 

0.0388 

0.0273 

0.0194 

0.0120 

0.0052 

0.0048 

-0.0010 

-0.0055 

-0.0099 

-0.0131 

-0.0163 

-0.0195 

-0.0225 



a Radius of the paired 1s inner electrons of fourteen-electron atoms from Eq. (10.51). 

b Radius of the paired 2s inner electrons of fourteen-electron atoms from Eq. (10.62). 

c Radius of the three sets of paired 2p inner electrons of fourteen-electron atoms from Eq. 

(10.212)). 

d Radius of the paired 3s inner electrons of fourteen-electron atoms from Eq. (10.255)). 

6 Radius of the two unpaired 3p outer electrons of fourteen-electron atoms from Eq. 

(10.309) for Z>14 and Eq. (10.297) for Si. 

* Calculated ionization energies of fourteen-electron atoms given by the electric energy (Eq. 
(10.310)). 

9 From theoretical calculations, interpolation of isoelectronic and spectral series, and 

experimental data [2-3]. 
n (Experimenlal-theoreticaD/experimental. ; 

The agreement between the experimental and calculated values of 
Table 10.13 is well within the experimental capability of the 
spectroscopic determinations including the values at large Z . which relies 
on X-ray spectroscopy. In this case, the experimental capability is three 
to four significant figures which is consistent with the last column. The 
silicon atom isoelectronic series is given in Table 10.13 [2-3] to much 
higher precision than the capability of X-ray spectroscopy, but these 
values are based on theoretical and interpolation techniques rather than 
data alone. Ionization energies are difficult to determine since the cut-off 
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of the Rydberg series of lines at the ionization energy is often not 
observed, and the ionization energy must be determined from theoretical 
calculations, interpolation of Si isoelectronic and Rydberg series, as well 
as direct experimental data. 

FIFTEEN-ELECTRON ATOMS 

Fifteen-electron atoms can be solved exactly using the results of the 
solutions of one, two, three, four, five, six, seven, eight, nine, ten, eleven, 
twelve, thirteen and fourteen-electron atoms. 



RADIUS AND IONIZATION ENERGY OF AN OUTER ELECTRON OF 
THE PHOSPHOROUS ATOM 

For each fourteen-electron atom having a central charge of Z times 
that of the proton, there are two indistinguishable spin-paired electrons 
in an orbitsphere with radii r, and r 2 both given by Eq. (7.19) (Eq. 
(10.51)), two indistinguishable spin-paired electrons in an orbitsphere 
with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired 

electrons in an orbitsphere at r l0 given by Eq. (10.212), two 
indistinguishable spin-paired electrons in an orbitsphere with radii r tl 
and r X2 both given by Eq. (10.255), and two unpaired electrons in an 
orbitsphere with radius r }4 given by Eq. (10.288). For Z>15, the next 
electron which binds to form the corresponding fifteen-electron atom is 
attracted by the central Coulomb field and is repelled by diamagnetic 
forces due to the 3 sets of spin-paired inner 2p electrons and two spin- 
paired inner 3s electrons. A paramagnetic spin-paring force to form a 
filled s orbital is also possible, but the force due to the spin-pairing of the 
electrons (Eq. (7.15) with the radius r I5 ) reduces the energy of the atom 

less than that due to the alternative forces on three unpaired 3p 
electrons in an orbitsphere at the same radius r l5 . The resulting electron 

configuration is ls 2 2s 2 2p 6 3s 2 3p* 9 and the orbital arrangement is 



10 -1 
corresponding to the ground state 4 S? /2 - 

The central Coulomb force acts on the outer electron to cause it to 
bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner fourteen electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 



T 



3p state 

T 



T 



(10.311) 




(10.312) 



for r>r. 



14. 
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The diamagnetie force, F dUmgnetie9 is only due to 3p and 3s electrons 

when the 3p shell is at least half filled since the induced charge-density 
waves only involve the inner-most shell, the 3s orbital. Thus, f diaaagttetic j is 

given by Eq. (10.259) as the sum of the contributions from the 3p x , p y , 

and p t orbitals corresponding to m = 1, -1, and 0, respectively: 

w*=^H4)^^M!)i^* (10 - 313> 

The energy is minimized with conservation of angular momentum 
when the spin angular momentum of the 3s orbital superimposes 
negatively with the orbital angular momentum of the 3p orbitals. From 
Eq. (10.260), corresponding to the orbital angular momentum of the 

3 p x , p y9 and p z orbitals minus the contribution from the 3s orbital is 

F ma , 2 = (1 + 1 + 1 - 1)^— V^C^)i r = V^HOV (10.314) 

The outward centrifugal force on electron 15 is balanced by the 
electric force and the magnetic forces (on electron 15). The radius of the 
outer electron is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (10.312)), diamagnetie (Eq. (10.313)), and 
paramagnetic (Eq. (10.314)) forces as follows: 

^ = (£zil£__^V^^ + ^-V^Tl) (10.315) 

Substitution of v I5 =— — (Eq. (1.56)) and j = i into Eq. (10.315) gives: 

m e r l5 2 

"VlS 4 *V» l2m c fan V 4 Z"Wh* 4 



m t 

K. = * 



15 ( Z-14)e 2 5ft 2 f3~ | 2ft 2 13 
4ne 0 \2m e r li '\A Zm e r t2 V4 



(10.317) 



r 15 = — p=-, r l2 in units of (10.318) 

gb)# 

Substitution of ^ = 1.09443 (Eq. (10.255) with Z = 15) into Eq. (10.318) 

«o 

gives 

r ls = 1.28900oo (10.319) 
The ionization energy of the phosphorous atom is given by the 

electric energy, E(electric), (Eq. (10.102) with the radius, r )5 , given by Eq. 
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(10.319)): 

E{ionization\ P) = -Electric Energy = (Z ~ 14) * = 10.5554 eV (10.320) 

where r l5 = 1.28900<a 0 (Eq. (10.319)) and Z = 15. The experimental ionization 
energy of the phosphorous atom is 10.48669 eV [3]. 

THE IONIZATION ENERGIES OF FIFTEEN-ELECTRON ATOMS WITH 
A NUCLEAR CHARGE Z>15 

Fifteen-electron atoms having Z>15 possess an external electric 
field given by Eq. (10.92). In this case, an energy minimum is achieved 
with conservation of momentum when the orbital angular momentum is 
such that F diamagnetie is minimized while F^j is maximized. With a half- 
filled 3p shell, the diamagnetic force due to the orbital angular momenta 
of the 3p electrons cancels that of the 2p electrons. Thus, the 
diamagnetic force (Eq. (10.258)), F diamagnetic , is zero: 

F*^ c =0 (10.321) 
From Eqs. (10.205) and (10.261), F^ 2 corresponding to the spin 
and orbital angular momenta of the paired 2p x , p y9 and p z electrons is 

F- a = (4 + 4 + 4 )l-£- VScTFWr = i^T^ 1 *' (10.322) 

^ m e r \S r \2 Z m e r \S r i2 

and the contribution from the 3p level is 



i t2 i 19ft 2 

= (4 + 4 + 4)1-V- J*sZrK = -2=?- V^W, (10.323) 

Z m e r l5 r l2 Z m e r is r l2 

corresponding to the 3p x , p y , and p z electrons. Thus, the total of F^j is 

^"T^r^^ (10.324) 
Z m e r l5 r i2 

The diamagnetic force, F diamagnetic2 , due to the binding of the 3p-orbital 

electron having an electric field outside of its radius is given by Eq. 
(10.268): 

F_ --[f^J.-f + i)^.<WCT (.0.325) 

In the case that Z>15, the radius of the outer electron is calculated 
by equating the outward centrifugal force to the sum of the electric (Eq. 
(10.312)), diamagnetic (Eqs. (10.321) and (10.325)), and paramagnetic 
(Eq. (10.324)) forces as follows: 

r l5 4ne o r* Zm.fa n S LZ-14\ 2 l)m t ^ 

(10.326) 
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Substitution of v 15 = (Eq. (1.56)) ands = - into Eq. (10.326) gives: 

m e r is 2 



424 



ft 2 _ (Z-14)e 2 _ 24ft 



rf s r n l4 lZ-14l 2 2)m e r* ^4 



The quadratic equation corresponding to Eq. (10.327) is 



(10.327) 



( 



(Z-14)e^ + 24ft 



47C£, 



sjAps m/"'lz-l4l l 2 + 2)m e 



2 ioJ|=o 



ft 

m 



(Z-14)e* + 24ft 



4lt£. 



24ft 2 [3Y ,S ( 
Zm t r n i4) [ 



(Z-14)e- 

4ne„ 



24ft 2 V£\ 
Zm e r l2 l4) 



The solution of Eq. (10.329) using the quadratic formula is: 



m. 



( 



(Z-14)e 2 24ft 



47ce. 



24ft 2 /T "J 



m. 



- 14)e* 24ft 



4«e. 



24ft 2 /J^ 
Z/n e r I2 V 4 J 



+4 



ft 2 
m 



r i5 



i 



(Z-\4)e 2 _ + 24ft 



4jte. 



24ft 2 (J "| 



1 



'4 



(10.328) 



(10.329) 



(10.330) 



(10.331) 



r 12 in unite of 

where r l2 is given by Eq. (10.255). The positive root of Eq. (10.331) must 
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be taken in order that r 15 >0. The final radius of electron 15, r, s , is given 
by Eq. (10.331); this is also the final radius of electrons 13 and 14. The 
radii of several fifteen-electron atoms are given in Table 10.14. 

The ionization energies for the fifteen-electron atoms with Z>15 
are given by the electric energy, E(electric), (Eq. (10.102) with the radii r l5 , 

given by Eq. (10.331)): 



E(Ionizjation) — -Electric Energy = 



(Z-14)e' 



(10.332) 



Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured fifteen-electron atoms are given in 
Table 10.14. 



Table 10.14. Ionization energies for some fifteen-electron atoms. 



15 e 
Atom 



P 

S* 

a 2 * 

Ar 3 * 
K*+ 
Ca 5+ 
Sc 6 * 

r/ 7+ 

y»+ 

Cr 9 * 
Mn l0 + 
Fe"+ 
Co i2+ 
M 13+ 
Cu ,4+ 
Zn ,s+ 



r 3 



K) a («„) 



15 0.06730 

16 0.06306 

17 0.05932 

18 0.05599 

19 0.05302 

20 0.05035 

21 0.04794 

22 0.04574 

23 0.04374 

24 0.04191 

25 0.04022 

26 0.03867 

27 0.03723 

28 0.03589 

29 0.03465 

30 0.03349 



0.29010 
0.27053 

0.25344 

0.23839 
0.22503 
0.21308 
0.20235 
0.19264 
0.18383 
0.17579 
0.16842 
0.16165 
0.15540 
0.14961 
0. 14424 
0.13925 



1o 



0.37120 
0.33902 

0.31190 
0.28878 
0.26884 
0.25149 
0.23625 
0.22276 
0.21074 
0.19995 
0.19022 
0.18140 
0.17336 
0.16601 
0.15926 
0.15304 



12 



'is 



K) d (<0 



1.09443 
0.96729 

0.86545 
0.78276 
0.71450 
0.65725 
0.60857 
0.56666 
0.53022 
0.49822 
0.46990 
0.44466 
0.42201 
0.40158 
0.38305 
0.36617 



1.28900 
1.15744 

1 .06759 
0.95423 
0.85555 
0.77337 
0.70494 
0.64743 
0.59854 
0.55652 
0.52004 
0.48808 
0.45985 
0.43474 
0.41225 
0.39199 



Theoretical 
Ionization 

Energies f 

(eV) 
10.55536 
23.5102 

38.2331 

57.0335 

79.5147 

105.5576 

135.1046 

168.1215 

204.5855 

244.4799 

287.7926 

334.5138 

384.6359 

438.1529 

495.0596 

555.3519 



Experimental 
Ionization 

Energies £ 

(eV) 
10.48669 
23.3379 

39.61 

59.81 

82.66 

108.78 

138.0 

170.4 

205.8 

244.4 

286.0 

330.8 

379 

430 

484 

542 



Relative 
Error h 



-0.0065 
-0.0074 

0.0348 

0.0464 

0.0381 

0.0296 

0.0210 

0.0134 

0.0059 

-0.0003 

-0.0063 

-0.0112 

-0.0149 

-0.0190 

-0.0229 

-0.0246 



a Radius of the paired 1s inner electrons of fifteen-electron atoms from Eq. (10.51). 

D Radius of the paired 2s inner electrons of fifteen-electron atoms from Eq. (10.62). 

c Radius of the three sets of paired 2p inner electrons of fifteen-electron atoms from Eq. 

(10.212)). 

d Radius of the paired 3s inner electrons of fifteen-electron atoms from Eq. (10.255)). 

e Radius of the three unpaired 3p outer electrons of fifteen-electron atoms from Eq. 

(10.331) for Z>15 and Eq. (10.319) for P. 

f Calculated ionization energies of fifteen-electron atoms given by the electric energy (Eq. 
(10.332)). 

9 From theoretical calculations, interpolation of isoelectronic and spectral series, and 
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experimental data [2-3]. 
h (ExperimentaMheoreticalVexperimental. . 

The agreement between the experimental and calculated values of 
Table 10.14 is well within the experimental capability of the 
spectroscopic determinations including the values at large Z which relies 
on X-ray spectroscopy. In this case, the experimental capability is three 
to four significant figures which is consistent with the last column. The 
phosphorous atom isoelectronic series is given in Table 10.14 [2-3] to 
much higher precision than the capability of X-ray spectroscopy, but 
these values are based on theoretical and interpolation techniques rather 
than data alone. Ionization energies are difficult to determine since the 
cut-off of the Rydberg series of lines at the ionization energy is often not 
observed, and the ionization energy must be determined from theoretical 
calculations, interpolation of P isoelectronic and Rydberg series, as well as 
direct experimental data. 

SIXTEEN-ELECTRON ATOMS 

Sixteen-electron atoms can be solved exactly using the results of 
the solutions of one, two, three, four, five, six, seven, eight, nine, ten, 
eleven, twelve, thirteen, fourteen, and fifteen-electron atoms. 

RADIUS AND IONIZATION ENERGY OF AN OUTER ELECTRON OF 
THE SULFUR ATOM 

For each fifteen-electron atom having a central charge of Z times 
that of the proton, there are two indistinguishable spin-paired electrons 
in an orbitsphere with radii r x and r 2 both given by Eq. (7.19) (Eq. 
(10.51)), two indistinguishable spin-paired electrons in an orbitsphere 
with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired 
electrons in an orbitsphere at r l0 given by Eq. (10.212), two 
indistinguishable spin-paired electrons in an orbitsphere with radii r u 
and r l2 both given by Eq. (10.255), and three unpaired electrons in an 
orbitsphere with radius r l5 given by Eq. (10.331). For Z>16, the next 
electron which binds to form the corresponding sixteen-electron atom is 
attracted by the central Coulomb field and is repelled by diamagnetic 
forces due to the 3 sets of spin-paired inner 2p electrons and two spin- 
paired inner 3s electrons. A paramagnetic spin-paring force to form a 
filled s orbital is also possible, but the force due to the spin-pairing of the 
electrons (Eq. (7.15) with the radius r l6 ) reduces the energy of the atom 
less than that due to the alternative forces on a set of paired and two 
unpaired 3p electrons in an orbitsphere at the same radius r I6 . The 

resulting electron configuration is ls 2 2s 2 2p 6 3s 2 3p 4 , and the orbital 
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arrangement is 
3p state 

T 1 _T t_ (10.333) 

10-1 
corresponding to the ground state *P 2 . 

The central Coulomb force acts on the outer electron to cause it to 
bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner fifteen electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 

F*« = ( ^~ 15) /\ (10.334) 
for r>fj 5 . 

The diamagnetic force, V diamagnetic y is only due to 3p and 3s electrons 

when the 3p shell is at least half filled since the induced charge-density 
waves only involve the inner-most shell, the 3s orbital. The energy is 
minimized with conservation of angular momentum when the induced 
orbital angular momentum of the 3s orbital superimposes positively with 
the orbital angular momenta of the other 3p x and the 3^-orbital 

electrons and the orbital angular momentum of one of the spin-paired 
3 p x electrons is canceled by the 3p y electron. Thus, F^^^, is given by 

Eq. (10.258) as the sum of the contributions from the 3 p x and p z orbitals 

corresponding to m = 1 and 0, respectively, and the induced contribution 
from the 3 s orbital corresponding to m = 0: 

^Hhi^^^^'-Hi)^^ 1 - <10 - 335) 

The energy is minimized with conservation of angular momentum 
when the spin angular momentum the 3s orbital superimposes negatively 
with the spin angular momentum of the 3 p x orbital-electron and the 

orbital angular momentum of the 3/? z -orbital electron. From Eq. (10.260), 
F nu,*2 corresponding to the orbital angular momentum of the 3p x , p yy and 
p t orbitals minus the contribution from the 3s orbital is 

F^ 2 = (1 + 1 - 1)^-^- = l-K- V3* + 5)i r ( 1 0. 3 3 6) 

Z m e r ]6 r 3 Z m e r l6 r l2 

The outward centrifugal force on electron 16 is balanced by the 
electric force and the magnetic forces (on electron 16). The radius of the 
outer electron is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (10.334)), diamagnetic (Eq. (10.335)), and 
paramagnetic (Eq. (10.336)) forces as follows: 

m e v u (Z-15)g 2 4ft 2 / x h 2 n~Tl\ /in an\ 

-7 = -JTl 19m 2 # + ')+ 2 Js(s + 1) (10.337) 
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Substitution of v. 6 =— — (Eq. (1.56)) and s = ^- into Eq. (10.337) gives: 

m r,, 2 



VI 6 

tt 1 ^ (Z-13)e 2 4ft 2 (3 { ft 2 
"Vm 4 «,'i6 l2m e r K r n V4 Zm e i;|r 12 

ft 2 




(10.338) 



._ _ . -^-r= t-, (10.339) 



16 " (Z-15)e 2 4ft : 





47ie o 12m e /i 2 V4 Zm e r n 
r i6 = 3a r n in units of (10.340) 



"-*-(H)S 



Substitution of ^. = 0.96729 (Eq. (10.255) with Z = 16) into Eq. (10.340) 

°o 

gives 

^ = 1.3201000 (10.341) 
The ionization energy of the sulfur atom is given by the electric 
energy, E(electric), (Eq. (10.102) with the radius, r l6 , given by Eq. (10.341)): 

E(ionization; S) = -Electric Energy = 15)e = 10.30666 eV (10.342) 

where r 16 = 1.32010oo (Eq. (10.341)) and Z = 16. The experimental ionization 
energy of the sulfur atom is 10.36001 eV [3], 

THE IONIZATION ENERGIES OF SIXTEEN-ELECTRON ATOMS WITH 
A NUCLEAR CHARGE Z>16 

Sixteen-electron atoms having Z>16 possess an external electric 
field given by Eq. (10.92). In this case, an energy minimum is achieved 
with conservation of momentum when the orbital angular momentum is 
such that V diamag nctic * s minimized while is maximized. With a half- 

filled 3p shell, the diamagnetic force due to the orbital angular momenta 
of the 3p electrons cancels that of the 2p electrons. Thus, F^^^ is 

minimized by the formation of a charge-density wave in the 3s orbital 
corresponding to m = 1 in Eq. (10.258) that cancels the orbital angular 
momentum of one of the 3 p x electrons to form the equivalent of a half- 
filled 3p shell. Then, the contribution due to the 2p level is canceled. 
From Eq. (10.82), the diamagnetic force, ? diamagnetic * is given by the sum of 
the contributions from the 3 p y and p t orbitals corresponding to m = -1 

and 0, respectively, and the negative contribution due to the charge- 
density wave with m = 1 induced in the 3s orbital (Eq. (10.258)): 
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- <! 4- - < 1 °- 343 > 

From Eq. (10.261), corresponding to the spin and orbital 

angular momenta of the paired 2 p x , p y , and /? t electrons is 

F^ a -<4 + 4 + 4)±-5^<^^ (10.344) 

and the contribution from the 3p level is 

F ^ = ( 8+4+4 - 4) 7^^ = 7i|-^ i ' (10.345) 
corresponding to the 3p x (Eq. (10.264)) and p z (Eq. (10.263)) electrons 
wherein the contribution due to the 3 p x (m = 1) electron is canceled by 
the mirror charge-density wave with m = 1 induced in the 3s orbital (Eq. 
(10.262)). Thus, the total of F^ 2 is 

^■7^^^' (10.346) 
The diamagnetic force, ¥ diamagneticZ9 due to the binding of the 3p-orbital 

electron having an electric field outside of its radius is given by Eq. 
(10.268): 

*_--[f5$i-f4M 10 ^'- < 10 - 347) 

In the case that Z>16, the radius of the outer electron is calculated 
by equating the outward centrifugal force to the sum of the electric (Eq. 
(10.334)), diamagnetic (Eqs. (10.343) and (10.347)), and paramagnetic 
(Eq. (10.346)) forces as follows: 

S& = S=!3£ - J**r> + JS*- VJFH) 

1« 12 »Wu Z-VUIa (10 348) 

Substitution of v 16 =— — (Eq. (1.56)) and s = ^- into Eq. (10.348) gives: 



m Sl 6 2 



_ (Z - 15)e* ft 2 [3 ( 24ft 



fSfi»V4 Lz-151 1 2 + 2jm e r,t 1U V4 



4;ce (> r l6 I2m e r t6 r t2 V 4 Zm 

(10.349) 

The quadratic equation corresponding to Eq. (10.349) is 

(z-isy _ fi_ _ 24 >) jl_ IT \ 2 _ * r z-i6 Y , _ V2 iW 10 JT = 

[ 4*£ 0 ll2 2)m e r n i^y 6 m, 16 |_Z-15X 2 2jm, V4 

(10.350) 
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r 2 



m. 



(Z-15)e" 
4jte. 



U2 Zjm e r l2 V4) { 4ne a ll2 zjm,r 12 \4j 



The solution of Eq. (10.351) using the quadratic formula is: 



(10.351) 



r, 6 







m. 


m e + 


f(Z- 15)e 2 | 


f 1 24^ ft 2 [3^ 
,12 Z)m r r 12 i4)) 


((Z-15)* 2 ( 1 24^ A 2 f3^| 
[ 4ne 0 \12 z)m e r l2 y4) 1 


ft 2 l"Z-16] 
|4 m,Lz-15j 




1 


({Z-\5)e 2 
I 4«e o 





(10.352) 





'is = 



+ H>-(£-f)g 



(10.353) 



fj 2 wi umfs ofa Q 

where r l2 is given by Eq. (10.255) T The positive root of Eq. (10.353) must 
be taken in order that r I6 >0. The final radius of electron 16, rj 6 , is given 
by Eq. (10.353); this is also the final radius of electrons 13, 14, and 15. 
The radii of several sixteen-electron atoms are given in Table 10.15. 

The ionization^ energies for the sixteen-electron atoms with Z>16 
are given by the electric energy, E(electric), (Eq. (10.102) with the radii r 16 , 

given by Eq. (10.353)): 

(Z-15)e 2 



E(Ionization) = —Electric Energy = 



(10.354) 



Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured sixteen-electron atoms are given 
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Table 10.15. Ionization energies for some sixteen-electron atoms. 



16 e 
Atom 



r i6 



(«o) a K) b (*J C (<O d («.) 



S 

a* 

Ar*+ 
K 3 * 

Sc s+ 

V 7+ 

Cr 8+ 

Mn 9+ 

Fe I0+ 

Co ,,+ 

M ,2+ 

C« ,3+ 

Zn ,4+ 



16 0.06306 

17 0.05932 

18 0.05599 

19 0.05302 

20 0.05035 

21 0.04794 

22 0.04574 

23 0.04374 

24 0.04191 

25 0.04022 

26 0.03867 

27 0.03723 

28 0.03589 

29 0.03465 

30 0.03349 



0.27053 
0.25344 

0.23839 
0.22503 
0.21308 
0.20235 
0.19264 
0.18383 
0.17579 
0.16842 
0.16165 
0.15540 
0.14961 
0.14424 
0.13925 



0.33902 
0.31190 

0.28878 
0.26884 
0.25149 
0.23625 
0.22276 
0.21074 
0.19995 
0.19022 
0.18140 
0.17336 
0.16601 
0.15926 
0.15304 



0.96729 
0.86545 

0.78276 
0.71450 
0.65725 
0.60857 
0.56666 
0.53022 
0.49822 
0.46990 
0.44466 
0.42201 
0.40158 
0.38305 
0.36617 



1.32010 
1.10676 

1 .02543 
0.92041 
0.82819 
0.75090 
0.68622 
0.63163 
0.58506 
0.54490 
0.50994 
0.47923 
0.45204 
0.42781 
0.40607 



Theoretical 
Ionization 

Energies f 

(eV) 
10.30666 
24.5868 
39.8051 
59.1294 
82. 1422 
108.7161 
138.7896 
172.3256 
209.2996 
249.6938 
293.4952 
340.6933 
391.2802 
445.2492 
502.5950 



Experimental 
Ionization 

Energies 8 

(eV) 
10.36001 
23.814 

40.74 

60.91 

84.50 

110.68 

140.8 

173.4 

209.3 

248.3 

290.2 

336 

384 

435 

490 



Relative 
Error h 



0.0051 
-0.0324 

0.0229 

0.0292 

0.0279 

0.0177 

0.0143 

0.0062 

0.0000 

-0.0056 

-0.01 14 

-0.0140 

-0.0190 

-0.0236 

-0.0257 



a Radius of the paired 1s inner electrons of sixteen-electron atoms from Eq. (10.51). 

b Radius of the paired 2s inner electrons of sixteen-electron atoms from Eq. (10.62). 

c Radius of the three sets of paired 2p inner electrons of sixteen-electron atoms from Eq. 

(10.212)). 

d Radius of the paired 3s inner electrons of sixteen-electron atoms from Eq. (10.255)). 

6 Radius of the two paired and two unpaired 3p outer electrons of sixteen-electron atoms from 

Eq. (10.353) for Z>16 and Eq. (10.341) for S. 

f Calculated ionization energies of sixteen-electron atoms given by the electric energy (Eq. 
(10.354)). 

9 From theoretical calculations, interpolation of isoelectronic and spectral series, and 

experimental data [2-3]. 
h (Experimental-theoretic alVexoerimental. 

The agreement between the experimental and calculated values of 
Table 10.15 is well within the experimental capability of the 
spectroscopic determinations including the values at large Z which relies 
on X-ray spectroscopy. In this case, the experimental capability is three 
to four significant figures which is consistent with the last column. The 
sulfur atom isoelectronic series is given in Table 10.15 [2-3] to much 
higher precision than the capability of X-ray spectroscopy, but these 
values are based on theoretical and interpolation techniques rather than 
data alone. Ionization energies are difficult to determine since the cut-off 
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of the Rydberg series of lines at the ionization energy is often not 

observed, and the ionization energy must be determined from theoretical 

calculations, interpolation of S isoelectronic and Rydberg series, as well as 
direct experimental data. 

SEVENTEEN-ELECTRON ATOMS 

Seventeen-electron atoms can be solved exactly using the results of 
the solutions of one, two, three, four, five, six, seven, eight, nine, ten, 
eleven, twelve, thirteen, fourteen, fifteen, and sixteen-electron atoms. 

RADIUS AND IONIZATION ENERGY OF AN OUTER ELECTRON OF 
THE CHLORINE ATOM 

For each sixteen-electron atom having a central charge of Z times 
that of the proton, there are two indistinguishable spin-paired electrons 
in an orbitsphere with radii r y and r 2 both given by Eq. (7.19) (Eq. 
(10.51)), two indistinguishable spin-paired electrons in an orbitsphere 
with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired 
electrons in an orbitsphere at r I0 given by Eq. (10.212), two 
indistinguishable spin-paired electrons in an orbitsphere with radii r u 
and r l2 both given by Eq. (10.255), and two paired and two unpaired 
electrons in an orbitsphere with radius r 16 given by Eq. (10.353). For 
Z>17, the next electron which binds to form the corresponding 
seventeen-electron atom is attracted by the central Coulomb field and is 
repelled by diamagnetic forces due to the 3 sets of spin-paired inner 2p 
electrons and two spin-paired inner 3s electrons. A paramagnetic spin- 
paring force to form a filled s orbital is also possible, but the force due to 
the spin-pairing of the electrons (Eq. (7.15) with the radius r n ) reduces 
the energy of the atom less than that due to the alternative forces on two 
sets of paired electrons and an unpaired 3p electron in an orbitsphere at 
the same radius fj 7 . The resulting electron configuration is ls 2 2s 2 2p 6 3s 2 3p 5 , 
and the orbital arrangement is 



1 0 -1 
corresponding to the ground state 1 P* tl . 

The central Coulomb force acts on the outer electron to cause it to 
bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner sixteen electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 




(10.355) 



= (Z-16)* 2 . 



(10.356) 



F 

* diamagnetic 
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for r>r l6 . 

The diamagnetic force, F rftom? ^ rffc , is only due to 3p and 3s electrons 

when the 3p shell is at least half filled since the induced charge-density 
waves only involve the inner-most shell, the 3s orbital. Thus, F^^^^., is 

given by Eq. (10.258) as the contribution from the 3p y orbital 

corresponding to m = -1 with the cancellation of the orbital angular 
momenta of the spin-paired 3p x and p z electrons: 

= -(^]—^ T -^T)i T (10.357) 

The energy is minimized with conservation of angular momentum 
when the spin angular momentum of the 3s orbital superimposes 
negatively with the angular momenta of the 3p orbitals. From Eq. 
(10.260), F 2 corresponding to the sum of the spin angular momenta of 

the 3 p x and 3p t orbitals and the orbital angular momentum of the 3p y 

orbital, minus the contribution from the 3s orbital is 

F^ 42 =(1 + 1 + 1-1)^-^^^ (10.358) 

The outward centrifugal force on electron 17 is balanced by the 
electric force and the magnetic forces (on electron 17). The radius of the 
outer electron is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (10.356)), diamagnetic (Eq. (10.357)), and 
paramagnetic (Eq. (10.358)) forces as follows: 



m £ v a = (Z-16)e _2^^^ ) + ^_^ T) (10.359) 
r„ 47te o r l7 12m e r„r n - Zm e r n r l2 

h 1 

Substitution of v 17 = (Eq. (1.56)) and 5 = - into Eq. (10.359) gives: 

m e r„ 2 

- .2=!Sii. *_J| + *_J? (10.360) 



m. 



17 = 



(Z-16)e 2 2ft 2 


il 


2h 2 


if 


4lte o I2m e r l2 1 




Zm e r i2 " 





(10.361) 



r (7 = — f=-, r l2 in units of ( 1 0.362) 



(Z . 16) .fA.^l4 
U2 Z) r„ 



12 

Substitution of 5*- = 0.86545 (Eq. (10.255) with Z = 17) into Eq. (10.362) 
gives 
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ri 7 = 1.05158flo (10.363) 
The ionization energy of the chlorine atom is given by the electric 
energy, E(electric) 9 (Eq. (10.102) with the radius, r ny given by Eq. (10.363)): 

E(ionization\ CI) = -Electric Energy = 16) * = 1 2.9384 1 e V (10.364) 

where /; 7 = 1.05158q, (Eq. (10.363)) and Z = 17. The experimental ionization 
energy of the chlorine atom is 12.96764 eV [3]. 

THE IONIZATION ENERGIES OF SEVENTEEN-ELECTRON ATOMS 
WITH A NUCLEAR CHARGE Z>17 

Seventeen-electron atoms having Z>17 possess an external electric 
field given by Eq. (10.92). In this case, an energy minimum is achieved 
with conservation of momentum when the orbital angular momentum is 
such that F diamagnetic is minimized while is maximized. With a filled 3p 

shell, the diamagnetic force due to the orbital angular momenta of the 3p 
electrons cancels that of the 2p electrons. Thus, F dUunagneJic is minimized by 

the formation of a charge-density wave in the 3s orbital corresponding to 
two electrons with m = -1 in Eq. (10.258) to form the equivalent of a 
filled 3p level such that the contribution due to the 2p level is canceled. 
From Eq. (10.82), the diamagnetic force, V dUuaagnetk9 is given by the 

contribution due to the charge-density wave with m = -1 induced in the 
3s orbital according to Eq. (10.258): 

=-d)^^'- < 10 - 365 > 

From Eqs. (10.205) and (10.261), F mffg2 corresponding to the spin 
and orbital angular momenta of the paired 2p x , p y9 and p z electrons is 

F JWg2 =(4+4 + 4)l~^V*^i, =^-^A/^Tl)i r (10.366) 

and the contribution from the paired 3p x , p y9 and p z electrons given by 
Eq. (10.264) is 

^2 =(8 + 8 + 8)l-^V*^T)ir =^^^(^ir (10.367) 

wherein the contribution due to the charge-density wave with m = -1 
induced in the 3s orbital (Eq. (10.262)) provides the equivalent of a filled 
3 p y orbital and adds a negative contribution of 

F^ 2 =~-^V^(?TT)i r (10.368) 
Z m e r n r l2 

Thus, the total of F^j is 



F 

diamagnetic 
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435 
(10.369) 



The diamagnetic force, ¥ dittmagHetic 2 , due to the binding of the 3p-orbital 
electron having an electric field outside of its radius is given by Eq. 
(10.268): 



. ... . , 1 .^^..,. r (10.370) 

diamagnetic 2 I ^ 16 II 2 ~ 

In the case that Z>17, the radius of the outer electron is calculated 
by equating the outward centrifugal force to the sum of the electric (Eq. 

(10.356)), diamagnetic (Eqs. (10.365) and (10.370)), and paramagnetic 
(Eq. (10.369)) forces as follows: 

(Z-16)* 2 2ft 2 



m * V 17 _ 



\2m e r xl r n 



^js(s + 1) + rr 32ft 2 — V 5 ( 5 + 1 ) 



Zm e /i 7 /j 2 



L^-loJv z Zjm e r„ 



(10.371) 



s(s+l) 



Substitution of v 17 =-^- (Eq. (1.56)) and s = ^ into Eq. (10.371) gives: 



m e r n 



m e r \i 



(Z-16)g : 



2ti- 



3 



12m,/j 7 r, 2 V 4 Zm 



32ft 2 /I f Z-17 
>n e ^r 12 "V4 Lz-16 



v 2 



The quadratic equation corresponding to Eq. (10.372) is 
(Z-16)e 2 (2 32^ ft 2 fl , ft 2 rZ-17"W. a/2 



4/re. 



U2 Z)m.r n ^4)" m, " Lz-16_|^ 2 2j m e 



(10.372) 



V/2-o 

(10.373) 



r 2 -- 

'17 ^ 



ft 2 

m 



ill 



(Z-16)e 
47«: 



f 2 32 > ft 2 fTl'" f (Z-16)e 2 (2 32\ h 2 fP\ 



The solution of Eq. (10.374) using the quadratic formula is: 



(10.374) 
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17 = 





f 




m e + 




m. 

f 2 yi\ h 2 ft} 

,12 z)m e r n U)) 


Uz-\€)e 2 (2 32^ ft 2 ft} 
{ Ane 0 ll2 Z)m e r } j4) 1 


n 2 [z-17] 

(4 m,Lz-16j 






f (Z-16)e 2 


(2 32\ A 2 |3"| 
"ll2 z)m r r ]2 V4) 



(10.375) 




°0 



±*0 




17 = 



(10.376) 



r 12 in units of a 0 

where r l2 is given by Eq. (10,255). The positive root of Eq. (10.376) must 
be taken in order that r n >0. The final radius of electron 17, r l7 , is given 

by Eq. (10.376); this is also the final radius of electrons 13, 14, 15, and 
16. The radii of several seventeen-electron atoms are given in Table 
10.16. 

The ionization energies for the seventeen-electron atoms with Z>17 
are given by the electric energy, E(electric), (Eq. (10.102) with the radii r l79 

given by Eq. (10.376)): 

(Z-16)e 2 



E(Ionization) = —Electric Energy — 



(10.377) 



Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured seventeen-electron atoms are 
given in Table 10.16. 
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17 e 
Atom 



r 3 



1o 



12 



(*J a (<O b (a 0 ) c (<0 



a 

Ar* 
K 2 * 
Ca 3 * 
Sc" 
Ti 5 * 

Cr 1 * 
Mn 8+ 
Fe 9 * 
Co 10 * 
M n+ 
C« ,2+ 
Zn i3 + 



17 0.05932 

18 0.05599 

19 0.05302 

20 0.05035 

21 0.04794 

22 0.04574 

23 0.04374 

24 0.04191 

25 0.04022 

26 0.03867 

27 0.03723 

28 0.03589 

29 0.03465 

30 0.03349 



0.25344 
0.23839 
0:22503 
0.21308 
0.20235 
0.19264 
0.18383 
0.17579 
0.16842 
0.16165 
0.15540 
0.14961 
0.14424 
0.13925 



0.31190 
0.28878 
0.26884 
0.25149 
0.23625 
0.22276 
0.21074 
0.19995 
0.19022 
0.18140 
0.17336 
0.16601 
0.15926 
0.15304 



0.86545 
0.78276 
0.71450 
0.65725 
0.60857 
0.56666 
0.53022 
0.49822 
0.46990 
0.44466 
0.42201 
0.40158 
0.38305 
0.36617 



(«„) 



1.05158 
0.98541 

0.93190 

0.84781 

0.77036 

0.70374 

0.64701 

0.59849 

0.55667 

0.52031 

0.48843 

0.46026 

0.43519 

0.41274 



Theoretical 
Ionization 

Energies f 

(eV) 
12.93841 
27.6146 
43.8001 
64.1927 
88.3080 
1 16.0008 
147.201 1 
181.8674 
219.9718 
261.4942 
306.4195 
354.7360 
406.4345 
461.5074 



Experimental 
Ionization 

Energies 8 

(eV) 
12.96764 
27.62967 
45.806 
67.27 
91.65 
119.53 
150.6 
184.7 
221.8 
262.1 

305 

352 

401 

454 



Relative 
Error h 



0.0023 

0.0005 

0.0438 

0.0457 

0.0365 

0.0295 

0.0226 

0.0153 

0.0082 

0.0023 

-0.0047 

-0.0078 

-0.0136 

-0.0165 



a Radius of the paired 1s inner electrons of seventeen-electron atoms from Eq. (10.51). 

0 Radius of the paired 2s inner electrons of seventeen-electron atoms from Eq. (10.62). 

c Radius of the three sets of paired 2p inner electrons of seventeen-electron atoms from Eq. 
(10.212)). 

d Radius of the paired 3s inner electrons of seventeen-electron atoms from Eq. (10.255)). 
e Radius of the two sets of paired and an unpaired 3p outer electron of seventeen-electron 
atoms from Eq. (10.376) for Z>17 and Eq. (10.363) for CI. 

f Calculated ionization energies of seventeen-electron atoms given by the electric energy (Eq. 
(10.377)). 

9 From theoretical calculations, interpolation of isoelectronic and spectral series, and 
experimental data [2-3]. 

n (Exoerimental-theoreticah/experimental. 

The agreement between the experimental and calculated values of 
Table 10.16 is well within the experimental capability of the 
spectroscopic determinations including the values at large Z which relies 
on X-ray spectroscopy. In this case, the experimental capability is about 
two to four significant figures which is consistent with the last column. 
Ionization energies are difficult to determine since the cut-off of the 
Rydberg series of lines at the ionization energy is often not observed. 
Thus, the chlorine atom isoelectronic series given in Table 10.16 [2-3] 
relies on theoretical calculations and interpolation of the CI isoelectronic 
and Rydberg series as well as direct experimental data to extend the 
precision beyond the capability of X-ray spectroscopy. But, no assurances 
can be given that these techniques are correct, and they may not improve 
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the results. The error given in the last column is very reasonable given 
the quality of the data. 

EIGHTEEN-ELECTRON ATOMS 

Eighteen-electron atoms can be solved exactly using the results of 
the solutions of one, two, three, four, five, six, seven, eight, nine, ten, 
eleven, twelve, thirteen, fourteen, fifteen, sixteen, and seventeen-electron 
atoms. 

RADIUS AND IONIZATION ENERGY OF AN OUTER ELECTRON OF 
THE ARGON ATOM 

For each seventeen-electron atom having a central charge of Z 
times that of the proton, there are two indistinguishable spin-paired 
electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.19) 
(Eq. (10.51)), two indistinguishable spin-paired electrons in an 
orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), three sets of 
paired electrons in an orbitsphere at r iQ given by Eq. (10.212), two 
indistinguishable spin-paired electrons in an orbitsphere with radii r n 
and r n both given by Eq. (10.255), and two sets of paired and an 
unpaired electron in an orbitsphere with radius r !7 given by Eq. (10.376). 
For Z£18, the next electron which binds to form the corresponding 
eighteen-electron atom is attracted by the central Coulomb field and is 
repelled by diamagnetic forces due to the 3 sets of spin-paired inner 2p 
electrons and two spin-paired inner 3s electrons. A paramagnetic spin- 
paring force to form a filled s orbital is also possible, but the force due to 
the spin-pairing of the electrons (Eq. (7.15) with the radius r ls ) reduces 

the energy of the atom less than that due to the alternative forces on 
three sets of paired 3p electrons in an orbitsphere at the same radius r I8 . 

The resulting electron configuration is \s 7 2s 2 2p*3s 2 3p* f and the orbital 

arrangement is 

3p state 

T I T I T i (10.378) 

1 0 -1 
corresponding to the ground state ! 5 0 . 

The central Coulomb force acts on the outer electron to cause it to 
bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner seventeen electrons is given by Eq. (10.70) with 
the appropriate charge and radius: 

F„ = {Z 7 ll) ? K (10.379) 



for r>r l7 
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As in the case on the neon atom, the energy of the argon atom is 
minimized and the angular momentum is conserved with the pairing of 
electron eighteen to fill the 3 p y orbital when the orbital angular momenta 

of each set of the 3p x , p y , and p t spin-paired electrons adds negatively to 

cancel. Then, the diamagnetic force (Eq. (10.258)), F^^, is given by 

the induced orbital angular momentum of the 3s orbital alone which 
conserves angular momentum. 

F — = <i)4k^'- (10 - 380) 

From Eq. (10.260), F^ 2 is 

F™,2 =(1 + 1 + 1 + 1)7;^ (10.381) 

corresponding to the spin-angular-momentum contribution alone from 
each of the 3p x , p y9 and p z orbitals and the spin angular momentum of the 

3s orbital. 

The outward centrifugal force on electron 18 is balanced by the 
electric force and the magnetic forces (on electron 18). The radius of the 

outer electron is calculated by equating the outward centrifugal force to 

the sum of the electric (Eq. (10.379)), diamagnetic (Eq. (10.380)), and 
paramagnetic (Eq. (10.381)) forces as follows: 

^ = (^^__^£^ + 4^^^ (10 382) 

ft 1 

Substitution of v 18 = (Eq. (1.56)) and s = - into Eq. (10.382) gives: 

(Z-17* U + 4ft' J3 (10 _ 383) 



"Vm 4n£ o^e 12m,r, 2 8 /- |2 "V 4 Zm^ 2 "V4 

ft 2 



r = m « 

'IQ 



18 ( Z-17)e 2 ft 2 13 t 4ft 2 /y 



(10.384) 



r )S = — f=- , r n in units of a 0 (10.385) 



4 

2 



Substitution of ^- = 0.78276 (Eq. (10.255) with Z = 18) into Eq. (10.385) 
gives 

^8=0.86680^ (10.386) 
The ionization energy of the argon atom is given by the electric 
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energy, E(electric) y (Eq. (10.102) with the radius, /j 8 , given by Eq. (10.386)): 
E(ionization\ Ar) = -Electric Energy = i7) * = 15.69651 eV (10.387) 

where rj 8 = 0.86680oo (Eq. (10.386)) and Z = 18. The experimental ionization 
energy of the argon atom is 15.75962 eV [3]. 

THE IONIZATION ENERGIES OF EIGHTEEN-ELECTRON ATOMS 
WITH A NUCLEAR CHARGE Z>18 

Eighteen-electron atoms having Z>18 possess an external electric 
field given by Eq. (10.92). In this case, an energy minimum is achieved 
with conservation of momentum when the orbital angular momentum is 
such that V diamagnetic is minimized while F^ 2 is maximized. With a filled 3p 

shell, the diamagnetic force due to the orbital angular momenta of the 3p 
electrons cancels that of the 2p electrons. Thus, the diamagnetic force 
(Eq. (10.258)), F diamognetic , is zero: 

^diamagnetic = 0 (10.388) 

From Eqs. (10.205) and (10.261), F mfl ^ 2 corresponding to the spin 
and orbital angular momenta of the paired 2p x , p y9 and p z electrons is 

F^ a «(4 + 4 + 4)l-^VS(^ (10.389) 
the contribution from the 3p level (Eq. (10.264)) is 

1 h 2 i- rr. 1 24ft 2 



F^ 2 =(8 + 8 + 8)^-VW^^i^ (10.390) 

and the contribution due to the spin and induced orbital angular 
momentum of the 3s orbital that achieves conservation of angular 
momentum given by Eq. (10.262) is 

F^2=^-^V^^T)i r (10.391) 

Thus, the total of ¥ mttg2 is 

F^ 2 =i J ^V^ r l)i r (10.392) 

The diamagnetic force, F^^^ 2 , due to the binding of the 3p-orbital 

electron having an electric field outside of its radius is given by Eq. 
(10.268): 

F W =-[f5H|>-#4M ,0 «'' (10 - 393> 

In the case that Z>18, the radius of the outer electron is calculated 
by equating the outward centrifugal force to the sum of the electric (Eq. 
(10.379)), diamagnetic (Eqs. (10.388) and (10.393)), and paramagnetic 
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m 



^ = (Z Z ^ + _40^_ V ^ T 
fj 8 47t£„r i0 Zmjfa 



"o IB 



VM8M2 



(10.394) 



ft 1 
Substitution of v l8 = (Eq. (1.56)) and s = - into Eq. (10.394) gives: 



ft 2 = (Z-17)g 2 | 40ft 



e 4 2 ll4 LZ-17^ 2 2jm e r, 4 8 \4 



The quadratic equation corresponding to Eq. (10.395) is 



(10.395) 



(Z - 17)e* 40ft 



4/te, 



40ft 2 [±) r 2 _ £_ r f Z-ls Y -ft l)r n h 



18~ 



( 



(Z-17)<? z 40ft 

+ 



Ana. 



40ft 2 /3^ 8 r 



(10.396) 



(Z-17)c* 40ft 



47T£. 



40ft 2 /J") 
Zm e r i2 U) 



The solution of Eq. (10.397) using the quadratic formula is: 

I? ^ 



(10.397) 



ft 5 



( 



(Z - 17)e* 40ft 



4rce, 



40ft 2 [3 "J 



m. 



(Z-17K 40ft 
+ 



vv 



4«e. 



40ft 2 r$\ 

Zm e r l2 i4) J 



+4 



ft 
m 



,Lz-i7Jl 2 2j' 2 V4 



( 



(Z-17)e^ + 40ft 



4m. 



40ft 2 

Zm e r, 2 l4) 



(10.398) 



t 
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±^0 



F 



2*2 J) 



20V3 




la = 



17) + 



Zr l2 ) 



(10.399) 



r l2 in units of 

where r l2 is given by Eq. (10.255). The positive root of Eq. (10.399) must 
be taken in order that r lg >0. The final radius of electron 18, r ts , is given 

by Eq. (10.399); this is also the final radius of electrons 13, 14, 15, 16, 
and 17. The radii of several eighteen-electron atoms are given in Table 
10.17. 

The ionization energies for the eighteen-electron atoms with Z>18 
are given by the electric energy, E(electric) t (Eq. (10.102) with the radii r l8 , 

given by Eq. (10.399)): 



E(Ionization) = -Electric Energy = — — — — 



(10.400) 



Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured eighteen-electron atoms are given 
in Table 10.17. 
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18 e 
Atom 



10 



K) a (<O b K) c 



Ar 

K* 

Ca 2 * 
Sc 3 * 

r/ 4 * 

y*+ 

Cr 6 * 
Mn 1 * 
Fe g+ 
Co 9 * 
M 10+ 
C« ,,+ 
Zr» ,2+ 



18 0.05599 

19 0.05302 

20 0.05035 

21 0.04794 

22 0.04574 

23 0.04374 

24 0.04191 

25 0.04022 

26 0.03867 

27 0.03723 

28 0.03589 

29 0.03465 

30 0.03349 



0.23839 
0.22503 
0.21308 
0.20235 
0.19264 
0.18383 
0.17579 
0.16842 
0.16165 
0.15540 
0.14961 
0.14424 
0.13925 



0.28878 
0.26884 
0.25149 
0.23625 
0.22276 
0.21074 
0.19995 
0.19022 
0.18140 
0.17336 
0.16601 
0.15926 
0.15304 



(<O d 



0.78276 
0.71450 
0.65725 
0.60857 
0.56666 
0.53022 
0.49822 
0.46990 
0.44466 
0.42201 
0.40158 
0.38305 
0.36617 



'18 

0.86680 
0.85215 
0.82478 
0.76196 
0.70013 
0.64511 
0.59718 
0.55552 
0.51915 
0.48720 
0.45894 
0.43379 
0.41127 



Theoretical 
Ionization 

Energies f 

(eV) 
15.69651 
31.9330 
49.4886 
71.4251 
97.1660 
126.5449 
159.4836 
195.9359 
235.8711 
279.2670 
326.1070 
376.3783 
430.0704 



Experimental 
Ionization 

Energies S 

(eV) 
15.75962 

31.63 
50.9131 
73.4894 

99.30 

128.13 

160.18 

194.5 

233.6 

275.4 

321.0 
369 

419.7 



Relative 
Error h 



0.0040 

-0.0096 

0.0280 

0.0281 

0.0215 

0.0124 

0.0043 

-0.0074 

-0.0097 

-0.0140 

-0.0159 

-0.0200 

-0.0247 



a Radius of the paired Is inner electrons of eighteen-electron atoms from Eq. (10.51). 

b Radius of the paired 2s inner electrons of eighteen-electron atoms from Eq. (10.62). 

c Radius of the three sets of paired 2p inner electrons of eighteen-electron atoms from Eq. 

(10.212)). 

d Radius of the paired 3s inner electrons of eighteen-electron atoms from Eq. (10.255)). 
6 Radius of the three sets of paired 3p outer electrons of eighteen-electron atoms from Eq. 
(10.399) for Z>18 and Eq. (10.386) for Ar. 

' Calculated ionization energies of eighteen-electron atoms given by the electric energy (Eq. 
(10.400)). 

9 From theoretical calculations, interpolation of isoelectronic and spectral series, and 

experimental data [2-3]. 
n (Experime ntal-theoreticaiyexperimental. : 



The agreement between the experimental and calculated values of 
Table 10.17 is well within the experimental capability of the 
spectroscopic determinations including the values at large Z which relies 
on X-ray spectroscopy. In this case, the experimental capability is about 
two to four significant figures which is consistent with the last column. 
Ionization energies are difficult to determine since the cut-off of the 
Rydberg , series of lines at the ionization energy is often not observed. 
Thus, the argon atom isoelectronic series given in Table 10.17 [2-3] relies 
on theoretical calculations and interpolation of the Ar isoelectronic and 
Rydberg series as well as direct experimental data to extend the precision 
beyond the capability of X-ray spectroscopy. But, no assurances can be 
given that these techniques are correct, and they may not improve the 
results. The error given in the last column is very reasonable given the 
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quality of the data. 



GENERAL EQUATION FOR THE IONIZATION ENERGIES OF 
THIRTEEN THROUGH EIGHTEEN-ELECTRON ATOMS 

Using the forces given by Eqs. (10.257-10.264) (10.268), and the 
radii r l2 given by Eq. (10.255), the radii of the 3p electrons of all thirteen 
through eighteen-electron atoms may be solved exactly. The electric 
energy given by Eq. (10.102) gives the corresponding exact ionization 
energies. A summary of the parameters of the equations that determine 
the exact radii and ionization energies of all thirteen through eighteen- 
electron atoms is given in Table 10.18. 

F elt and ¥ diamagntric2 given by Eqs. (10.257) and (10.268), respectively, 

are of the same form for all atoms with the appropriate nuclear charges 
and atomic radii. F^^,,, given by Eq. (10.258) and given by Eqs. 

(10.259-10.264) are of the same form with the appropriate factors that 
depend on the electron configuration wherein the electron configuration 
must be a minimum of energy. 

For each n-electron atom having a central charge of Z times that of 
the proton and an electron configuration ls 2 2s 2 2p 6 3s 2 3p n ~ 12 , there are two 
indistinguishable spin-paired electrons in an orbitsphere with radii r, and 
r 2 both given by Eq. (7.19) and (10.51): 

3" 



n = r 2 = a 0 



1 



Z-l Z(Z-1) 



(10.401) 



two indistinguishable spin-paired electrons in an orbitsphere with radii r 3 
and r 4 both given by Eq. (10.62): 



1- 





1- 




+ 4 



Z- 
Z 



r 4 = r 3 = : ! r 



r x in units of a Q 

(10.402) 

where, r x is given by Eqs. (10.51) and (10.401), three sets of paired 
indistinguishable electrons in an orbitsphere with radius r l0 given by Eq. 



» 
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(10.212): 



^0 = 





1 >2 















(10.403) 



r 3 in units ofa^ 

where r 3 is given by Eqs. (10.62) and (10.402), two indistinguishable 
spin-paired electrons in an orbitsphere with radius r l2 given by Eq. 
(10.255): 



a r 



±a. 




12 = 



(10.404) 



r l0 in units of 

where r l0 is given by Eq. (10.212), and n- 12 electrons in a 3p orbitsphere 
with radius r n given by 
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3s. 



±a. 





r n = 



(10.405) 



r n in units ofa Q 

where r I2 is given by Eqs. (10.255) and (10.404), the parameter A given 
in Table 10.18 corresponds to the diamagnetic force, F diamagwtic9 (Eq. 

(10.258)), and the parameter B given in Table 10.18 corresponds to the 
paramagnetic force, F^j (Eqs. (10.260-10.264)). The positive root of Eq. 

(10.405) must be taken in order that r n >0. The radii of several n- 

electron 3p atoms are given in Tables 10.10-10.17. 

The ionization energy for the aluminum atom is given by Eq. 
(10.227). The ionization energies for the n-electron 3p atoms are given 
by the negative of the electric energy, E(electric)> (Eq. (10.102) with the 
radii, r„, given by Eq. (10.405)): 



E(Ionization) = -Electric Energy = — — 

%7ter 



(10.406) 



'on 



Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured n-electron 3p atoms are given by 
Eqs. (10.405) and (10.406) in Tables 10.10-10.17. 
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Table 10.18. Summary of the parameters of thirteen through eighteen- 
electron atoms. 

Atom Electron Ground Orbital Diamagnetic Paramagnetic 

Type Configuration State Arrangement Force 

Term a of Factor 

3p Electrons a b 

(3p state) 



Force 
Factor 

B c 



Neutral 
13 e Atom 
Al 


ls 2 2s 2 2p 6 3s 2 3p l 


2p0 
M/2 


T 

1 


0 


t 

- 1 


li 

3 


0 


Neutral 
14 e Atom 
Si- 


ls 2 2s 2 2p 6 3s 2 3p 2 


0 


t 

* 

l 


t 

0 


-1 


7 
3 


0 


Neutral . 
15 e Atom 
P 


Is 2 2s 2 2 p* 3s 2 3 p 3 


^3/2 


T 
1 


t 

0 


t 

-1 


5 

3 


2 


Neutral 
16 e Atom 
S 


ls 2 2s 2 2p*3s 2 3p 4 


r 2 


T A 


t 


t 


4 


1 






l 


0 


* 

-1 


3 


Neutral 
1 7 e Atom 

a 


ls 2 2s 2 2p*3s 2 3p 5 




T A 
l 


r a 

0 


T 

-l 


2 
3 


2 


Neutral 
1 8 e Atom 

Ar 


ls 2 2s 2 2p 6 3s 2 3p 6 




t A 
l 


t A 

0 


T A 
-l 


A 

3 


4 


13 e Ion 


ls 2 2s 2 2p 6 3s 2 3p l 


2p0 

r \n 


T 
l 


0 


-l 


5 
3 


12 


14 e Ion 


ls 2 2s 2 2p*3s 2 3p 2 


3 P 

0 


t 

l 


t 

0 


-l 


1 

3 


16 


1 5 e Ion 


ls 2 2s 2 2p 6 3s 2 3p* 


4«0 
°3/2 


T 
l 


t 

0 


t 
-l 


0 


24 


16 e Ion 


ls 2 2s 2 2p 6 3s 2 3p* 


*P 
r 7 


T A 
l 


t 

0 


T 

-l 


1 

3 


24 


1 7 e Ion 


\s 2 2s 2 2p*3s 2 3p 5 


2p0 
1/2 


T A 
l 


t A 

0 


T 
-l 


2 
3 


32 


18 e Ion 


ls 2 2s 2 2p 6 3s 2 3p 6 




t A 
l 


t A 

0 


T A 
-l 


0 


40 



3 The theoretical ground state terms match those given by NIST [8]. 

b Eq. (10.258). 

c Eqs. (10.260-10.264). 
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NINETEEN-ELECTRON ATOMS 

Nineteen-electron atoms can be solved exactly using the results of 
the solutions of one, two, three, four, five, six, seven, eight, nine, ten, 
eleven, twelve, thirteen, fourteen, fifteen, sixteen, seventeen, and 
eighteen-electron atoms. 

RADIUS AND IONIZATION ENERGY OF THE OUTER ELECTRON OF 
THE POTASSIUM ATOM 

For each eighteen-electron atom having a central charge of Z times 
that of the proton, there are two indistinguishable spin-paired electrons 
in an orbitsphere with radii r x and r 2 both given by Eq. (7.19) (Eq. 
(10.51)), two indistinguishable spin-paired electrons in an orbitsphere 
with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired 

electrons in an orbitsphere at r )0 given by Eq. (10.212), two 
indistinguishable spin-paired electrons in an orbitsphere with radii r u 
and r l2 both given by Eq. (10.255), and three sets of paired electrons in an 
orbitsphere with radius r 18 given by Eq. (10.399). For Z>19, the next 

electron which binds to form the corresponding nineteen-electron atom is 
attracted by the central Coulomb field and is repelled by diamagnetic 
forces due to the 3 sets of spin-paired inner 3p electrons such that it 
forms and unpaired orbitsphere at radius r l9 . 

The central Coulomb force acts on the outer electron to cause it to 
bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner eighteen electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 

F rig = (Z—l$)e 2 . (10.407) 



o'l9 



for r>r ]6 . 



The spherically symmetrical closed 3p shell of eighteen-electron 
atoms produces a diamagnetic force, V diamagn£tic j that is equivalent to that of 

a closed s shell given by Eq. (10.11) with the appropriate radii except 
that the force is doubled due to the interaction of the 4s and 3p electrons 
as given by Eq. (10.96). The inner electrons remain at their initial radii, 
but cause a diamagnetic force according to Lenz's law that is 



2h 



2 



^diamagnetic = -J^^T)K ( 1 0.408) 

In addition to the spin-spin interaction between electron pairs, the 
three sets of 3p electrons are orbitally paired. As in the case of the 
sodium atom with the corresponding radii, the single 4s orbital of the 
potassium atom produces a magnetic field at the position of the three sets 
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of spin-paired 3p electrons. In order for the electrons to remain spin and 
orbitally paired, a corresponding diamagnetic force, V diamagnetic 3 , on electron 

eighteen from the three sets of spin-paired electrons that follows from 
the deviation given in the Eleven-Electron Atom section (Eq. (10.221)) is 

F^ fc ,=~^V^)i r (10.409) 

corresponding to the 3p x , p y> and p z electrons. 

The outward centrifugal force on electron 19 is balanced by the 
electric force and the magnetic forces (on electron 19). The radius of the 
outer electron is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (10.407)) and diamagnetic (Eqs. (10.408) and 
(10.409)) forces as follows: 

^.iZ^_rt^^Mj^ (I04I0) * 

r }9 4/ce o /j 9 4m e r l9 r is Zm^ 9 

Substitution of v I9 = — — (Eq. (1.56)) and s = \ into Eq. (10.410) gives: 

m e r l9 2 



(Z-18> 2 2ft 2 13 12ft z 13 



V 4 Zmr, Q V 4 



V 19 ^'**o 9 l9 ^"Vl9'18 f ^ **"e'19 

m. 



(10.411) 



19 (Z-18)e 2 h 2 [3 



Ane o 2m e r is 4 



(10.412) 



r \9~ rr ' r ig K 



(Z-18)- 




. ... in units of a, (10.413) 



4 



2^8 



Substitution of ^- = 0.85215 (Eq. (10.399) with Z = 19) into Eq. (10.413) 
gives 

r 19 = 3.14515ao (10.414) 

The ionization energy of the potassium atom is given by the electric 
energy, E(electric), (Eq. (10.102) with the radius, r l9 , given by Eq. (10.414)): 



E(ionization; K) — —Electric Energy 



= (Z 18)g = 4.32596 eV (10.415) 



%ne 0 r n 



where r l9 = 3.145 15a,, (Eq. (10.414)) and Z = 19. The experimental ionization 
energy of the potassium atom is 4.34066 eV [3]. 

THE IONIZATION ENERGIES OF NINETEEN-ELECTRON ATOMS 



* 
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WITH A NUCLEAR CHARGE Z>19 

Nineteen-electron atoms having Z>19 possess an external electric 
field given by Eq. (10.92). Since there is a source of dissipative, J*E of 
Eq. (10.27), the magnetic moments of the inner electrons may change due 
to the outer electron such that the energy of the nineteen-electron atom 
is lowered. The spherically symmetrical closed 3p shell of eighteen- 
electron atoms produces a diamagnetic force, F^^^, that is equivalent to 

that of a closed s shell given by Eq. (10.11) with the appropriate radii 
except that the force is tripled due to the interaction of the 2p, 3s, and 3p 
electrons as discussed in the 3P-Orbital Electrons Based on an Energy 
Minimum section. The inner electrons remain at their initial radii, but 
cause a diamagnetic force according to Lenz's law that is 

IW*="z|^V^)i, (10.416) 

In addition to the spin-spin interaction between electron pairs, the 
six sets of 2p and 3p electrons are orbitally paired. As in given in the 
Eleven-Electron Atom section, the single 4s orbital of each nineteen- 
electron atoms having Z>19 produces a magnetic field at the position of 
the six sets of spin-paired 2p and 3p electrons. In order for the electrons 
to remain spin and orbitally paired, a corresponding diamagnetic force, 
r diamagnetic on electron nineteen from the six sets of spin-paired electrons 
that follows from the deviation given in the Eleven-Electron Atom section 
(Eq. (10.221)) is 

^diamagnetic 3 = V^^r (10.417) 

Z m e r l9 

corresponding to the 2 and 3p x , p yJ and p z electrons. 

As shown in the P-Orbital Electrons Based on an Energy Minimum 
section for ¥ dSamagmgic2 given by Eq. (10.93), the corresponding diamagnetic 

force for 2p electrons due to a relativistic effect with an electric field for 
r>r n (Eq. (10.35)) is dependent on the amplitude of the orbital energy. 

Using the orbital energy with ^=1 (Eq. (10.90)), the energy m,Av 2 of Eq. 
(10.29) is reduced by the factor of fl — | due to the contribution of the 



charge-density wave of the inner electrons at r 3 . In addition, it was 

shown in the 3P-Orbital Electrons Based on an Energy Minimum section 
that the two 3s electrons contribute an energy factor based on Eq. (1.82) 
since the filled 2p orbitals with the maintenance of symmetry according 
to Eq. (10.72) requires that the diamagnetic force is due to the electrons 
at r I0 acing on the electrons at r l2 which complies with the reactive force, 
'Aw**' S iven by Eq. (10.229). Thus, F diamagnetic2 for the factor from 3p 
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Similarly, the 



factor for 4s electrons due to the inner 2p, 3s, and 3p electrons is 
cumulative. Thus, F AVwwgnrffc 2 for 4s electrons with Z>n is 

V2 1 V2 



* diamagnetic 2 

For n = l9, F^^j is 



+ — + 

2 2 2 



• diamagnetic 



V2 1 V2~ 
2 2 2 



2)m e r x9 



(10.418) 



(10.419) 



In the case that Z>19, the radius of the outer electron is calculated 
by equating the outward centrifugal force to the sum of the electric (Eq. 
(10.407)) and diamagnetic (Eqs. (10.416), (10.417), and (10.419)) forces 
as follows: 



m y x9 _ (Z-18)e z 
— 2 



3ti 



r i9 



4ne 0 r x ' 9 



^S{S + 1) - 3 <yjs(s + 1) 



Zm e r; 9 



(10.420) 



Substitution of v, 9 = — — (Eq. (1.56)) and 5 = ^ into Eq. (10.420) gives: 



m S\9 



(Z-lS)e 



m e r l9 



Am. 



i)e 2 3ft 2 13 24ft 2 f3 f Z-19 " 
19 4m e /5 2 9 ri 8 V4 Zm&VA [_Z-18_ 



' V2 1 V2 
1 + + 

2 2 2 



2j/n e n 4 9 



1 ««J| 



(10.421) 



The quadratic equation corresponding to Eq. (10.421) is 



(Z-18)e : 



4 TEE. 



3ft 2 IT K _ 
4m,r 18 V4/" m. 



LZ-18i, 2 2 2 2jm, 



2 ioJ| = o 



(10.422) 



1 + 



24 jf^ 



19~ 



( 



(Z-18)e' 
47ce 



4m,/i 8 V4j 



f Z-19 ]^ V| + j V2 | l^ft 

LZ-18 X 2 2 2 2 J m e 

hz -18)e 2 3ft 2 /Tj 

47ce„ 4m e fi 8 "V 4 J 



= o 



The solution of Eq. (10.423) using the quadratic formula is: 



(10.423) 
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m. 



1 + 



( 



(Z-18)e' 
47te„ 



3ft 2 I?! 
4m^ 8 V4j 



ft 2 



m. 



1 + 



24J ! 



(Z-18)e 



47E£. 



2 3ft 2 IJ"! 
4m,/i 8 V4j 



+4 



V| + J__V2 + 
2 2 2 



2 J m. 



lOjf 



1 9 = 



( 



(z-isy 

4«£„ 



3ft 2 (J'l 
4m { r l8 l4) 



(10.424) 



1 + 



12V3 



\ 2 



im- 



20V3 



a/2 1 V2 
+ + 

2 2 2 




19 = 



(10.425) 



fj 8 in unite ofa^ 

where r l8 is given by Eq. (10399). The positive root of Eq. (10.425) must 

be taken in order that r l9 >0. The radii of several nineteen-electron 

atoms are given in Table 10.19. 

The ionization energies for the nineteen-electron atoms with Z>19 
are given by the electric energy, E(electric), (Eq. (10.102) with the radii r X9y 

given by Eq. (10.425)): 

(10.426) 



(Z-18)e 2 

E(Ionization) = —Electric Energy = — 

Sxe o r }9 



Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured nineteen-electron atoms are given 
in Table 10.19. 



) 
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19 e 


Z 


Atom 




K 


19 


Ca+ 


20 


Sc 2 + 


21 


7i 3+ 


22 




23 


Cr 5+ 


24 


Mn*+ 


25 


Fe 7 + 


26 


Co*+ 


27 


M 9+ 


28 


C« ,0+ 


29 




30 



^0 



r 12 



(«o) a (*J b (<O c K> d (<O e (<O f 



0.05302 
0.05035 
0.04794 
0.04574 
0.04374 
0.04191 
0.04022 
0.03867 
0.03723 
0.03589 
0.03465 
0.03349 



0.22503 
0.21308 

0.20235 
0.19264 
0.18383 
0.17579 
0.16842 
0.16165 
0.15540 
0.14961 
0.14424 
0.13925 



0.26884 
0.25149 

0.23625 
0.22276 
0.21074 
0.19995 
0.19022 
0.18140 
0.17336 
0.16601 
0.15926 
0.15304 



0.71450 
0.65725 

0.60857 

0.56666 

0.53022 

0.49822 

0.46990 

0.44466 

0.42201 

0.40158 

0.38305 

0.36617 



0.85215 
0.82478 

0.76196 

0.70013 

0.64511 

0.59718 

0.55552 

0.51915 

0.48720 

0.45894 

0.43379 

0.41127 



3.14515 
2.40060 

1.65261 

1.29998 

1.08245 

0.93156 

0.81957 

0.73267 

0.66303 

0.60584 

0.55797 

0.51726 



Theoretical 
Ionization 

Energies S 

(eV) 
4.32596 
11.3354 

24.6988 

41.8647 

62.8474 

87.6329 

116.2076 

148.5612 

184.6863 

224.5772 

268.2300 

315.6418 



Experimental 
Ionization 

Energies h 

(eV) 
4.34066 
11.87172 

24.75666 

43.2672 

65.2817 

90.6349 

119.203 

151.06 

186.13 

224.6 

265.3 

310.8 



Relative 
Error x 

0.0034 

0.0452 

0.0023 

0.0324 

0.0373 

0.0331 

0.0251 

0.0165 

0.0078 

0.0001 

-0.0110 

-0.0156 



a Radius of the paired 1s inner electrons of nineteen-electron atoms from Eq. (10.51). 

h Radius of the paired 2s inner electrons of nineteen-electron atoms from Eq. (10.62). 

c Radius of the three sets of paired 2p inner electrons of nineteen-electron atoms from Eq. 

(10.212)). 

d Radius of the paired 3s inner electrons o1 nineteen-electron atoms from Eq. (10.255)). 

e Radius of the three sets of paired 3p inner electrons of nineteen-electron atoms from Eq. 

(10.399) 

* Radius of the unpaired 4s outer electron of nineteen-electron atoms from Eq. (10.425) for 
Z>19 and Eq. (10.414) for K. 

9 Calculated ionization energies of nineteen-electron atoms given by the electric energy (Eq. 
(10.426)). 

h From theoretical calculations, interpolation of isoelectronic and spectral series, and 

experimental data [2-3]. 
' (Experimental-theoreticaO/experimental, 



The agreement between the experimental and calculated values of 
Table 10.19 is well within the experimental capability of the 
spectroscopic determinations including the values at large Z which relies 
on X-ray spectroscopy. In this case, the experimental capability is about 
three to four significant figures which is consistent with the last column. 
Ionization energies are difficult to determine since the cut-off of the 
Rydberg series of lines at the ionization energy is often not observed. 
Thus, the potassium atom isoelectronic series given in Table 10.19 [2-3] 
relies on theoretical calculations and interpolation of the K isoelectronic 
and Rydberg series as well as direct experimental data to extend the 
precision beyond the capability of X-ray spectroscopy. But, no assurances 
can be given that these techniques are correct, and they may not improve 
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the results. The error given in the last column is very reasonable given 
the quality of the data. 

TWENTY-ELECTRON ATOMS 

Twenty-electron atoms can be solved exactly using the results of 
the solutions of one, two, three, four, five, six, seven, eight, nine, ten, 
eleven, twelve, thirteen, fourteen, fifteen, sixteen, seventeen, eighteen, 
and nineteen-electron atoms. 

RADIUS AND IONIZATION ENERGY OF AN OUTER ELECTRON OF 
THE CALCIUM ATOM 

For each nineteen-electron atom having a central charge of Z times 
that of the proton, there are two indistinguishable spin-paired electrons 
in an orbitsphere with radii r x and r 2 both given by Eq. (7.19) (Eq. 
(10.51)), two indistinguishable spin-paired electrons in an orbitsphere 
with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired 
electrons in an orbitsphere at r ]0 given by Eq. (10.212), two 
indistinguishable spin-paired electrons in an orbitsphere with radii r u 
and r I2 both given by Eq. (10.255), three sets of paired electrons in an 
orbitsphere with radius r lB given by Eq. (10.399), and an unpaired 
electron in an orbitsphere with radius r l9 given by Eq. (10.425). For 
Z>20, the next electron which binds to form the corresponding twenty- 
electron atom is attracted by the central Coulomb field and the spin- 
pairing force with the unpaired 4s inner electron and is repelled by 
diamagnetic forces due to the 3 sets of spin-paired inner 3p electrons 
such that it forms and unpaired orbitsphere at radius r 20 . 

The central Coulomb force acts on the outer electron to cause it to 
bind wherein this electric force on the outer-most electron due to the 
nucleus and the inner nineteen electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 

F * =i 1^7 fli ' (10427) 

for r>fj 9 . 

The forces for the calcium atom follow from those of the 
magnesium atom given in the Twelve-Electron Atom section. The outer 
electron which binds to form the corresponding twenty-electron atom 
becomes spin-paired with the unpaired inner electron such that they 
become indistinguishable with the same radius r x9 = corresponding to a 

filled 4s shell. The corresponding spin-pairing force F^ is given by Eqs. 
(7.15) and (10.239): 
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F W^^ T1 * (10.428) 

The spherically symmetrical closed 3p shell of twenty-electron 
atoms produces a diamagnetic force, F dSamagnglie9 that is equivalent to that of 

a closed s shell given by Eq. (10.11) with the appropriate radii. The inner 
electrons remain at their initial radii, but cause a diamagnetic force 
according to Lenz's law that is 

^diamagnetic = -"^V*^, < 1 0-429) 

In addition to the paramagnetic spin-pairing force between the 
nineteenth electron initially at radius r l99 the pairing causes the 

diamagnetic interaction between the outer electrons and the inner 
electrons given by Eq. (10.11) to vanish, except for an electrodynamic 
effect for Z>20 described in the Two-Electron Atoms section, since upon 
pairing the magnetic field of the outer electrons becomes zero. Using Eqs. 
(10.55) and (10.240), ¥ mag2 due to the three 3p orbitals is given by: 

F^ 2 = f-^V^Tl)i r (10.430) 

In addition to the spin-spin interactions between electron pairs, the 
three sets of 2p and 3p electrons are orbitally paired. The 4s electrons of 
the calcium atom produce a magnetic field at the position of the six sets 
of spin-paired 2p and 3p electrons which interact as described in the P- 
Orbital Electrons Based on an Energy Minimum section. In order for the 
electrons to remain spin and orbitally paired, the corresponding 
diamagnetic force, F diamagnetic 3 , on electron twenty from the six sets of spin- 
paired electrons that follows from the deviation given in the Eleven- 
Electron Atom section (Eq. (10.221)) is 

F^„, ic3 =-7-^^ : i)ir (10.431) 

Z, m e r 20 

corresponding to the 2 and 3p x , p y9 and p z electrons. 

The outward centrifugal force on electron 20 is balanced by the 
electric force and the magnetic forces (on electron 20). The radius of the 
outer electron is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (10.427)), diamagnetic (Eq. (10.428-10.429) 
and (10.431)), and paramagnetic (Eq. (10.430)) forces as follows: 

2 i fc 2 



m € v* (Z-19K r r- 3ft' r-r— rr 



r 2o 4 ^o r 2o 4m Sio r is Zm* r 2ol8 (10 432) 

24ft 2 r- ft 2 



^(5+1) + — — rV^ + 1 ) 
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m t K 20 

ft 2 '°- 2 t2 



(Z-18K 



4 »Wi8 "V 4 




3 + 



3ft : 



Zm * r 20 r i8 




3 



24ft : 



2+ 




(10.433) 



m. 



1 + 



23 J ! 



'20 



(Z-19)e- 



47re 



o 

f 



h 2 jl 

m.r. a V 4 



(10.434) 



1 + 



23./^ 



r 20 



3 
4 



(10.435) 



Substitution of ^- = 0.82478 (Eq. (10.399) with Z = 20) into Eq. (10.435) 



gives 

(10.436) 

The ionization energy of the calcium atom is given by the electric 
energy, E(electric), (Eq. (10.102) with the radius, r^, given by Eq. (10.435)): 

(Z-19)e 2 



E{ionization\ Ca) = —Electric Energy — 



= 6.10101 eV 



(10.437) 



where = 2.23009a 0 (Eq. (10.435)) and Z = 20. The experimental ionization 
energy of the calcium atom is 6.11316 eV [3]. 

THE IONIZATION ENERGIES OF TWENTY-ELECTRON ATOMS WITH 
A NUCLEAR CHARGE Z>20 

Nineteen-electron atoms having Z>20 possess an external electric 
field given by Eq. (10.92). Since there is a source of dissipative, J*E of 
Eq. (10.27), the magnetic moments of the inner electrons may change due 
to the outer electron such that the energy of the nineteen-electron atom 
is lowered. The spherically symmetrical closed 3p shell of twenty- 
electron atoms produces a diamagnetic force, F^^^, that is equivalent to 

that of a closed s shell given by Eq. (10.11) with the appropriate radii 
except that the force is doubled (Eq. (10.96)) due to the interaction of the 
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2p, 3s, and 3p electrons as discussed in the 3P-Orbital Electrons Based on 
an Energy Minimum section with the cancellation of the contribution of 
the 3s orbital by the 4s orbital. The inner electrons remain at their initial 
radii, but cause a diamagnetic force according to Lenz's law that is 



2h 



2 



^diamagnetic = -T^^ ( 1 0.438) 

In addition to the spin-spin interaction between electron pairs, the 
six sets of 2p and 3p electrons are orbitally paired. As in given in the 
Eleven-Electron Atom section, the single 4s orbital of each twenty- 
electron atoms having Z>20 produces a magnetic field at the position of 
the six sets of spin-paired 2p and 3p electrons. In order for the electrons 
to remain spin and orbitally paired, the corresponding diamagnetic force, 
^diamagnetic 3> on electron twenty from the six sets of spin-paired electrons 
given by Eq. (10.221) is 

F^ fc3 = ~^V^l)*r (10.439) 

Z m e r^ 

corresponding to the 2 and 3p xJ p yJ and p z electrons. 

From Eq. (10.418), the diamagnetic force, f diamagnetic 2 , due to a 
relativistic effect with an electric field for r>r 20 (Eq. (10.35)) is 

In the case that Z>20, the radius of the outer electron is calculated 
by equating the outward centrifugal force to the sum of the electric (Eq. 
(10.427)) and diamagnetic (Eqs. (10.438-10.440)) forces as follows: 

^S(S + 1) - ^ 3 Js(S + 1) 

(10.441) 



m^ = (Z-19)e 2 2ft 2 j^-^ 24ft 2 



Lz-19j^ 2 2 2 2)m e 4 y 

ft 1 
Substitution of v w = (Eq. (1.56)) and s = — into Eq. (10.441) gives: 

m e r m 2 



(Z-19)e 2 2ft 2 13 24ft* 13 



(10.442) 

10J- 



r Z-20 Y V2 | 1 V2 | l^ft 2 
Lz-19jt 2 2 2 2jm e 4 



4 



'20 

The quadratic equation corresponding to Eq. (10.442) is 
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m. 



1 + 



r 20 



( 



(Z-19)C 



2ft 2 jTf" 



r Z-20 ]^ V2 t 1 VI | lW 
Lz-19X 2 2 2 2 J m. 



' 10.H 
4 



( 



(Z-19)e' 

4^e. 



2ft 2 IT] 



= 0 



The solution of Eq. (10.443) using the quadratic formula is: 



(10.443) 
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1 + 



24J ! 
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(Z-19)e' 
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(Z - 19)e : 



2ft 2 fT) 



(10.444) 



f(Z- 19)--^ 



] 



1 + 



12^3 



V2 1 V2 
— - + + 

2 2 2 




r 20 = 



f(Z -19)- 



V3 



(10.445) 



4/: 



18 



/; 8 in unito <?/a 0 

where /j 8 is given by Eq. (10.399). The positive root of Eq. (10.445) must 
be taken in order that r 20 >0. The final radius of electron 20, r 20 , is given 
by Eq. (10.445); this is also the final radius of electron 19. The radii of 
several twenty-electron atoms are given in Table 10.20. The general 
equation for the radii of atoms having an outer s-shell is given in the 
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General Equation for the Radii of Atoms Having an Outer S-Shell section. 

The ionization energies for the twenty-electron atoms with Z>20 
are given by the electric energy, E(electric) y (Eq. (10.102) with the radii r^, 

given by Eq. (10.445)): 

E(Ionization) = —Electric Energy = — — ^ e 



(10.446) 



Since the relativistic corrections were small, the nonrelativistic ionization 
energies for experimentally measured twenty-electron atoms are given 
in Table 10.20. 

Table 10.20. Ionization energies for some twenty-electron atoms. 



20 e 


Z 


Atom 




Ca 


20 


5c + 


21 


7i 2+ 


22 




23 


Cr 4+ 


24 


Mn 5+ 


25 


Fe 6+ 


26 


Co 7 ' 


27 


M 8+ 


28 


C« 9+ 


29 


Zn ,0+ 


30 



r 3 



0.05035 
0.04794 

0.04574 

0.04374 

0.04191 

0.04022 

0.03867 

0.03723 

0.03589 

0.03465 

0.03349 



0.21308 
0.20235 

0.19264 

0.18383 

0. 1 7579 

0.16842 

0.16165 

0.15540 

0.14961 

0.14424 

0. 1 3925 



1o 

(<O c 



0.25149 
0.23625 

0.22276 

0.21074 

0.19995 

0.19022 

0.18140 

0.17336 

0.16601 

0.15926 

0.15304 



K) d 



0.65725 
0.60857 

0.56666 

0.53022 

0.49822 

0.46990 

0.44466 

0.42201 

0.40158 

0.38305 

0.36617 



(<O e 



0.82478 
0.76196 

0.70013 

0.64511 

0.59718 

0.55552 

0.51915 

0.48720 

0.45894 

0.43379 

0.41127 



r 20 



f 



2.23009 
2.04869 

1 .48579 

1.19100 

1.00220 

0.86867 

0.76834 

0.68977 

0.62637 

0.57401 

0.52997 



Theoretical 
Ionization 

Energies 8 

(eV) 
6.10101 
13.2824 

27.4719 

45.6956 

67.8794 

93.9766 

123.9571 

157.8012 

195.4954 

237.0301 

282.3982 



Experimental 
Ionization 

Energies h 

(eV) 
6.11316 
12.79967 

27.4917 

46.709 

69.46 

95.6 

124.98 

157.8 

193 

232 

274 



Relative 
Error' 

0.0020 
-0.0377 

0.0007 

0.0217 

0.0228 

0.0170 

0.0082 

0.0000 

-0.0129 

-0.0217 

-0.0307 



a Radius of the paired 1s inner electrons of twenty-electron atoms from Eq. (10.51). 

b Radius of the paired 2s inner electrons of twenty-electron atoms from Eq. (10.62). 

c Radius of the three sets of paired 2p inner electrons of twenty-electron atoms from Eq. 

(10.212)). 

d Radius of the paired 3s inner electrons of twenty-electron atoms from Eq. (10.255)). 

e Radius of the three sets of paired 3p inner electrons of twenty-electron atoms from Eq. 

(10.399) 

' Radius of the paired 4s outer electrons of twenty-electron atoms from Eq. (10.445) for 
Z>20 and Eq. (10.436) for Ca. 

9 Calculated ionization energies of twenty-electron atoms given by the electric energy (Eq. 
(10.446)). 

n From theoretical calculations, interpolation of isoelectronic and spectral series, and 

experimental data [2-3]. 
1 (Experimental-^heoreticalVexperimental. __ 



The agreement between the experimental and calculated values of 
Table 10.20 is well within the experimental capability of the 
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spectroscopic determinations including the values at large Z which relies 
on X-ray spectroscopy. In this case, the experimental capability is about 
three to four significant figures which is consistent with the last column. 
Ionization energies are difficult to determine since the cut-off of the 
Rydberg series of lines at the ionization energy is often not observed. 
Thus, the calcium atom isoelectronic series given in Table 10.20 [2-3] 
relies on theoretical calculations and interpolation of the Ca isoelectronic 
and Rydberg series as well as direct experimental data to extend the 
precision beyond the capability of X-ray spectroscopy. But, no assurances 
can be given that these techniques are correct, and they may not improve 
the results. The error given in the last column is very reasonable given 
the quality of the data. 

GENERAL EQUATION FOR THE RADII OF ATOMS HAVING AN 
OUTER S-SHELL 

The derivation of the radii and energies of the Is, 2s, 3s, and 4s 
electrons is given in the One-Electron Atom, the Two-Electron Atom, the 
Three-Electron Atoms, the Four-Electron Atoms, the Eleven-Electron 
Atoms, the Twelve-Electron Atoms, the Nineteen-Electron Atoms, and the 
Twenty-Electron Atoms sections. Similarly, to Eqs. (10.216) and (10.447), 
the general equation for the radii of s electrons is given by 



«.(> + < c -°)#) 



m 



r n = 



(10.447) 



r m in units ofa 0 

where Z is the nuclear charge, n is the number of electrons, r m is the 
radius of the proceeding filled shell, the parameter A given in Table 
10.21 corresponds to the diamagnetic force, F^^^, (Eq. (10.11)), the 

parameter B given in Table 10.21 corresponds to the paramagnetic force, 
F «**2 ( E< 1- (10.55)), the parameter C given in Table 10.21 corresponds to 
the diamagnetic force, F tf<J;nfl ^ wic 3 , (Eq. (10.221)), the parameter D given in 
Table 10.21 corresponds to the paramagnetic force, F^, (Eq. (7.15)), and 
the parameter E given in Table 10.21 corresponds to the diamagnetic 



© 2003 by BlackLight Power, Inc. All rights reserved. 

461 

force, F diamognaic2 , (Eqs. (10.35), (10.229), and (10.418)). The positive root of 
Eq. (10.447) must be taken in order that r„>0. The radii of several n- 
electron atoms having an outer s shell are given in Tables 1.2, 1.4, 1.7, 
10.1, 10.2, 10.10, 10.11, 10.19, and 10.20. 
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Table 10.21. Summary of the parameters of atoms filling the 1s, 2s, 3s, 
and 4s orbitals. 

Alom Electron Ground Orbital Diamag. Paramag. Diamag. Paramag. Diamag. 
Type Configuration State Arrangement Force Force Force Force Force 

Term a of Factor Factor Factor Factor Factor 
s Electrons ^ b g c q d ^ e £ f 
(s state) 


Neutral 
1 e Atom 
H 


\s l 




t 

Is 


0 


0 


0 


0 


0 


Neutral 
2 e Atom 
He 


Is 2 




t I 

ls 


0 


0 


0 


1 


0 


Neutral 
3 e Atom 
U 


2s' 




t 

2s 


1 


0 


0 


0 


0 


Neutral 
4 e Atom 

Be 


2s 2 




T i 

2s 


1 


0 


0 


1 


0 


Neutral 
1 1 e Atom 
Na 


ls 2 2s 2 2p 6 3s ] 




t 

3s 


1 


0 


8 


0 


0 


Neutral 
1 2 e Atom 

Mg 


Is 2 2s 2 2 p 6 3s 2 




t i 

3s 


1 


3 


12 


1 


0 


Neutral 
19 e Atom 
K 


Is 2 2s 2 2 p 6 3s 2 3 p 6 4s' 




t 
4s 


2 


0 


12 


0 


0 


Neutral 
20 e Atom 
Ca 


ls 2 2s 2 2p 6 3s 2 3p 6 4s 2 




t I. 
4s 


1 


3 


24 


1 


0 


1 e Ion 


Is' 


2 S 


t 
ls 


0 


0 


0 


0 


0 


2 e Ion 


Is 2 




T X 
Is 


0 


0 


0 


1 


0 


3 e Ion 


2s' 




t 

2s 


1 


0 


0 


0 


1 


4 e Ion 


2s 2 




T I 
2s 


1 


0 


0 


1 


1 


1 1 e Ion 


ls 2 2s 2 2p 6 3s' 

* 


2 S 

°l/2 


T 

3s 


1 


4 


8 


0 
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19eIon ls 2 2s 2 2p*3s 2 3p*4s l 2 S U2 ? 

1/2 — 3 0 

4s 

20elon l s 2 2s 2 2p*3s 2 3p $ 4s 2 y S 0 T I . ^ 

0 2 0 

4s 

a The theoretical ground state terms match those given by NIST [8]. 
b Eq. (10.11). 
c Eq. (10.55). 
d Eq. (10.221). 
e Eq. (7.15). 

*Eqs. (10.35), (10.229), and (10.418). 
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!2eIon \s 2 2s 2 2p 6 3s 2 % t i _ 

— 1 6 0 0 J5 

3s 1 + 
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24 0 2-^2 
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THE ELECTRON CONFIGURATION OF ATOMS 

The electrons of multielectron atoms all exist as orbitspheres of 
discrete radii which are given by r n of the radial Dirac delta function, 
5(r-r n ). These electron orbitspheres may be paired or unpaired 
depending on the force balance which applies to each electron. 
Ultimately, the electron configuration must be a minimum of energy. 
Minimum energy configurations are given by solutions to Laplace's 
Equation. The general form of the solution is 

*M,0)=£ t*,„'- <<+,> J7(M (HO 

As demonstrated previously, this general solution gives the functions of 
the resonant photons. This general solution is also the minimum energy 
configuration for any atom. The configuration is given by the product of 
this general solution and the sum of the Dirac delta functions comprising 
the discrete radii of the electron orbitspheres. In general, as shown in 
the One-Electron Atom section, the Two-Electron Atom section, and the 
Three, Four, Five, Six, Seven, Eight, Nine, Ten. Eleven, Twelve, Thirteen, 
Fourteen, Fifteen, Sixteen, Seventeen, Eighteen, Nineteen, and Twenty- 
Electron Atoms section, the electron configuration of an atom 
approximately parallels that of the excited modes of the helium atom: Is 
< 2s < 2p < 3s < 3p < 4s < 3d < 4p < 5s < 4d. (See Excited States of Helium 
section.) 

In general, electrons of an atom with the same principal and A 
quantum numbers align parallel until each of the m^ levels are 

occupied, and then pairing occurs until each of the mj^ levels contain 

paired electrons. Exceptions occur due to the relative importance of spin 
and orbital interactions and paramagnetic, diamagnetic, and electric 
forces for a given atom or ion. 



